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A Survey of Fusion Frames in Hilbert Spaces

L. Kohldorfer, P. Balazs, P. Casazza, S. Heineken, C. Hollomey, P. Morillas, M.
Shamsabadi

Abstract Fusion frames are a very active area of research today because of their myr-
iad of applications in pure mathematics, applied mathematics, engineering, medicine,
signal and image processing and much more. They provide a great flexibility for de-
signing sets of vectors for applications and are therefore prominent in all these areas,
including e.g. mitigating the effects of noise in a signal or giving robustness to era-
sures. In this chapter, we present the fundamentals of fusion frame theory with an
emphasis on their delicate relation to frame theory. The goal here is to provide re-
searchers and students with an easy entry into this topic. Proofs for fusion frames will
be self-contained and differences between frames and fusion frames are analyzed.
In particular, we focus on the subtleties of fusion frame duality. We also provide a
reproducible research implementation.
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1 Introduction

Hilbert space frames (¢;);c; are (possibly redundant) sequences of vectors in a
Hilbert space satisfying a Parseval inequality (see Definition [T). This is a gener-
alization of orthogonal expansions. This subject was introduced in the setting of
nonharmonic Fourier series in 1952 in [S1]. The topic then became dormant for 30
years until it was brought back to life in [48] in the setting of data processing. After
this, the subject advanced rapidly and soon became one of the most active areas of
research in applied mathematics. Frames were originally used in signal and image
processing, and later in sampling theory, data compression, time-frequency analysis,
coding theory, and Fourier series. Today, there are ever increasing applications of
frames to problems in pure and applied mathematics, computer science, engineering,
medicine, and physics with new applications arising regularly (see [41} 43| 88]] and
the "Further Study" section). Redundancy plays a fundamental role in applications
of frame theory. First, it gives much greater flexibility in the design of families of
vectors for a particular problem not possible for linearly independent sets of vec-
tors. In particular, the advantages of redundancy was shown in phase reconstruction,
where we need to determine a vector from the absolute value of its frame coefficients
[7,16]. Second, we can mitigate the effects of noise in a signal and get robustness to
erasures by spreading information over a wider range of vectors. For an introduction
to frame theory, we recommend [41} 143} [88]].

One can think of a frame as a family of weighted one-dimensional subspaces of
a Hilbert space. As a consequence, frame theory has its limitations. In particular,
they do not work well in distributed processing where one has to project a signal
onto multidimensional subspaces. This requires fusion frames for the applications
which include wireless sensor networks [60], visual and hearing systems [78]], geo-
phones in geophysics [47]], distributed processing [42]], packet encoding [[13}116}I33],
parallel processing [31]], and much more. Fusion frames also arise in various theoret-
ical applications including the Kadison-Singer Problem [30], and optimal subspace
packings [29,28]]. All of these problems require working with a countable family of
subspaces of a Hilbert space with positive weights and satisfying a type of Parseval
inequality (see Definition[2). Fusion frames were introduced in [40] where they were
called "frames of subspaces". In a followup paper [42], the name was changed to
"fusion frames" so they would not be confused with "frames in subspaces". Because
of their many applications, fusion frame theory has developed very rapidly over the
years (see also [41]). Here, we give a new survey on this topic.

1.1 Motivation

The motivation for this chapter is to present the fundamentals of fusion frame theory
with an emphasis on results from frame theory which hold, or do not hold, for fusion
frames. The idea is to help future researchers deal with the delicate differences
between frames and fusion frames accurately. As such, proofs for fusion frames will



A Survey of Fusion Frames in Hilbert Spaces 3

be as self-contained as possible. Let us mention that there are very nice articles
[40, 42]], we can recommend unrestricted, still we think that there is room for this
survey.

Finite frame and fusion frame theory became more and more important recently.
It became apparent that there is a necessity for the implementation of fusion frame
approaches. There are, of course, algorithms, but we provide a reproducible research
approach — integrating the codes in the open source Toolbox LTFAT [85/ [76].

Fusion frames have a natural connection to domain decomposition methods, and
can be used for the solution of operator equations [75]. In [[11] a direct fusion frame
formulation is used for that. Here it can be observed that to use the more general
definition of the coeflicient spaces — not restricting to the Hilbert direct sum of the
given subspaces — has advantages, see below. Here we adopt this approach, also used
in [4].

Many concepts of classical frame theory have been generalized to the setting
of fusion frames. Having a proper notion of dual fusion frames permits us to have
different reconstruction strategies. Also, one wants from a proper definition to yield
duality results similar to those known for classical frames. The duality concept for
fusion frames is more elaborate but therefore also more interesting than the standard
frame setting. This is why we decided to put some focus on this problem, and
summarized results from [57, /58, 159].

For this we have also chosen to make properties of operators between Hilbert
spaces explicit, and present the proofs of some results that were often only considered
implicitly.

So, in summary, we provide a new survey on fusion frame theory, aiming to
provide an easier entry point into this theory for mathematicians.

1.2 Structure

This chapter is structured as follows: Section[I]introduces and motivates this chapter.
In particular, we present a list of differences between frame and fusion frame theory
(which we present throughout the chapter) in the next subsection. Section[2]introduces
notation, general preliminary results and some basic facts on frame theory, which
we apply on many occasions throughout these notes. Section [3| presents the notion
of fusion frames, Bessel fusion sequences and their canonically associated frame-
related operators. The reader familiar with frame theory will recognise many parallels
between fusion frames and frames in this section. We also add a subsection on
operators between Hilbert direct sums, which serves as a preparation for later and
leads to a better understanding of many operators occurring in this chapter. In
Section[d} we present other notions in fusion frame theory including generalizations
of orthonormal bases, Riesz bases, exact frames and minimal sequences to the
fusion frame setting. In Section [5] we study fusion frames under the action of
bounded operators, where we present a number of differences between frame and
fusion frame theory. In Section [6] we present the theory of dual fusion frames.
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Duality theory probably provides the greatest contrast between frames and fusion
frames. We first show the reader how the concept of dual fusion frame arrived. We
study properties, present results and provide examples of this concept. We discuss
particular cases and other approaches. In Section [/| we focus on fusion frames in
finite dimensional Hilbert spaces. In Section [§] we present thoughts about concrete
implementations in the LTFAT toolbox [85]], and a link to a reproducible research
page. Finally, in Section 9] we list a collection of topics on fusion frames for further
study, which are not presented in this chapter.

1.3 "There Be Dragons' - traps to be avoided when going from frame
theory to fusion frame theory

In the following, we give an overview of the differences between properties of frames
and properties of fusion frames presented in this chapter.

» Existence of Parseval fusion frames: It is known that for every m > n € N there
is a m-element Parseval frame for any n-dimensional Hilbert space [34] (and the
vectors may even be equal norm). In the fusion frame setting, this is not true
(see Remark . In particular, applying S ‘_,1/ 2 to the fusion frame does not yield a
Parseval fusion frame in general (see Section[3)). Currently, there are no necessary
and sufficient conditions known for the existence of Parseval fusion frames for
arbitrary dimensions of the subspaces.

* Coefficient space: In contrast to frame theory, there is no natural coefficient space.
It can either be chosen to be the Hilbert direct sum of the defining subspaces,
which is the standard approach in fusion frame theory. But then the coefficient
space is different for each fusion system, and a naive combination of analysis and
synthesis is not possible anymore. Or it can be chosen to be the Hilbert direct
sum of copies of the whole Hilbert space — the approach taken in this survey, but
then the analysis operator associated to a fusion frame V maps H bijectively onto
the subspace ‘7(‘2, and not the full coefficient space ‘K,i( (see Theorem .

» Exact systems are not necessarily Riesz, see Proposition E] or [40].

e Applying a bounded surjective operator on a fusion frame does not give a fusion
frame, in general. Even for orthonormal fusion bases this is not true, see Section

* Duality:

— Duality for fusion frames cannot be defined via Dy Cy = Iy as in the frame
case, if one wants fusion frame duality to be compatible with frame duality,
see Subsection

— For the dual fusion frame definition, an extra operator Q has to be inserted
between Cy and Dy, see Definition[5]and the extensive discussion in Section
6]

— Duals of fusion Riesz bases are in general not unique, see Subsection [6.8]
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— The fusion frame operator of the canonical dual can differ from the inverse of
the fusion frame operator, see Subsection[6.8]

— The canonical dual of the canonical dual of a fusion frame V is not V in general,
see Subsection

For a full treatment of fusion frame duality see Section 6]

e The frame operator of an orthonormal fusion basis (V;);ey is not necessarily the
identity. This is only the case, if the associated weights are uniformly 1. In fact,
the definition of an orthonormal fusion basis is independent of weights, whereas
we have Sy 1 = Ty for V1= (V;, Djer, see Theorem

2 Preliminaries

Throughout this notes, H is always a separable Hilbert space and all considered
index sets are countable. For a closed subspace V of H, my denotes the orthogonal
projection onto V. The set of positive integers {1,2,3,...} is denoted by N and
d0;; denotes the Kronecker-delta. The cardinality of a set J is denoted by |J|. The
domain, kernel and range of an operator T is denoted by dom(7), N(T') and R(T)
respectively. Jx denotes the identity operator on a given space X. The set of bounded
operators between two normed spaces X and Y is denoted by 8(X,Y) and we set
B(X) := B(X, X). For an operator U € B(H;, H,) (H,, H, Hilbert spaces) with
closed range W = R(U), its associated pseudo-inverse [45] is denoted by U".
The pseudo-inverse of U is the unique operator U' e B (H,, Hy), satisfying the
three relations

NUY) =RWU)*, RWUT =N, UUx=x (xeR)). (D)

Moreover, UU" = gy and UTU = mg(q+). We also note that if U has closed
range, then so does U* and it holds (U*)" = (U")*. On R(U) we explicitly have
UT = U*(UU*)"". In case U is bounded and invertible, it holds UT = U~!. We refer
to [45] for more details on the pseudo-inverse of a closed range operator between
Hilbert spaces.

The following important preliminary results will be applied without further ref-
erence throughout this manuscript:

Theorem 1 (Density Principle [54]) Let X and Y be Banach spaces and let V be a
dense subspace of X. If T : V — Y is bounded, then there exists a unique bounded
extensionT : X — Y of T satisfying |T|| = ||T||.

Theorem 2 (Neumann’s Theorem [45]) Let X be a Banach space. If T € B(X)
satisfies || Ix — T|| < 1, then T is invertible.

Theorem 3 (Bounded Inverse Theorem [45]) Any bounded and bijective operator
between two Banach spaces has a bounded inverse.
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Theorem 4 (Uniform Boundedness Principle [45]) Let X be a Banach space and
Y be a normed space. Suppose that (Ty)nen is a family of bounded operators
T, : X — Y and assume that (T,,),en converges pointwise (as n — o) to some
operatorT : X — Y, Tx :=lim,—, Tyx. ThenT defines a bounded linear operator
and we have

7|l < liminf [|7,]| < sup || T, < oo.
neN neN

2.1 Frame theory

We begin with a review of frame theory and present a collection of those definitions
and results which are the most important ones for this manuscript. In the later
sections, we will apply these results mostly without further reference. We refer to
[435]] for the missing proofs and more details on frame theory.

Definition 1 Let ¢ = (¢;);<; be a countable family of vectors in 9. Then ¢ is called

* a frame for H, if there exist positive constants A, < B, < oo, called frame
bounds, such that

AP < Y K edP < BAFIP (Y € H). @)

iel

* aframe sequence, if it is a frame for Span(¢;);e;-

* an A,-tight frame (sequence), or simply tight frame (sequence), if it is a frame
(sequence), whose frame bounds A, and B, in can be chosen to be equal.

* a Parseval frame (sequence), if it is a 1-tight frame (sequence).

e an exact frame, if it ceases to be a frame whenever one of the frame vectors ¢; is
removed from ¢.

e a Bessel sequence for H, if the right but not necessarily the left inequality in
is satisfied for some prescribed B, > 0. In this case we call B, a Bessel bound.

e acomplete sequence, if span(¢;);c; = H.

* a Riesz basis, if it is a complete sequence for which there exist constants 0 <
@y < By < oo, called Riesz constants, such that

2
ay Z leil® < Z cipi

iel iel

2
< By ) leil? 3)

iel

for all finite scalar sequences (c;);c; € £%°(I).
* aminimal sequence, if for each i € I, ¢; ¢ span(@x)ker k+i-

To any sequence ¢ = (¢;);er of vectors in H, we may associate the following
canonical frame-related operators [12]]:

» The synthesis operator D, : dom(D,) C >(I) — H, where dom(D,) =
{(ci)ier € (1) : Ticy cipi € H} and Dy (ci)ier = Yies Citi-
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* The analysis operator C, : dom(Cy) € H — £2(I), where dom(C,) = {f €
H : ((f,9i))ier € (D} and Cy f = ({f, 9i))ier-
» The frame operator S, : dom(S,) € H — H, where dom(S,) = {f e H:

Sicrlf.eivpi € H} and Sy f = Yier(f. @i

It can be shown that ¢ is a Bessel sequence with Bessel bound B, if and only if
dom(D,) = £2(I) and 1Dl < \/E. In this case, Dy, = C, € B(H, 2(). If g is
a frame, then S, is a bounded, self-adjoint, positive and invertible operator, yielding
the possibility of frame reconstruction via Iy; = S,S,' = S!S, i.e.

F=) 08 eei = D (FrenSler (Vf e H). “)

iel iel

The family (¢;)ies = (S;1 ®i)ier In is again a frame (called the canonical dual
frame). More generally, a frame (¢;);c;, which satisfies

F= (o= Y (fudei  (Vf € H), )

iel iel

is called a dual frame of ¢. This means, that frames yield (possibly non-unique and
redundant) series expansions of elements in a separable Hilbert space similar to
orthonormal bases, whereas in stark contrast to the latter, the frame vectors are not
necessarily orthogonal and may be linearly dependent. Moreover, frames and Bessel
sequences can often be characterized by properties of the frame-related operators.
For instance, a frame is A,-tight if and only if S, = A, - 74 In this case, frame
reconstruction reduces to f = A;l Yicr{f>@i)p;. Further results in this direction
are given below:

Theorem 5 [44] Let ¢ = (¢;)ie; be a countable family of vectors in H. Then the
following are equivalent.

(i) ¢ is a Bessel sequence for H.
(ii) The synthesis operator D , is well-defined on £2(I) and bounded.
(iii) The analysis operator C, is well-defined on H and bounded.

Theorem 6 [44] Let ¢ = (¢;);c; be a countable family of vectors in H. Then the
following are equivalent.

(i) ¢ is a frame (resp. Riesz basis) for H.
(ii) The synthesis operator D, is well-defined on £2(I), bounded and surjective
(resp. well-defined on €>(I), bounded and bijective).
(iii) The analysis operator C, is well-defined on H, bounded, injective and has
closed range (resp. well-defined on H, bounded and bijective).

In particular, the latter result implies that every Riesz basis is a frame. Below we
give other equivalent conditions for a frame being a Riesz basis. Recall, that two
families (¢;);e; and (¥;);cr of vectors with same index set are called biorthogonal,
if (‘Ptv';bj> = 6ij for all i,j € I.
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Theorem 7 [45] Let ¢ = (¢;)icr be aframe for H. Then the following are equivalent.

(i) ¢ is a Riesz basis for H.
(ii) ¢ is minimal.
(iii) ¢ is exact.
(iv) ¢ has a biorthogonal sequence.
(iii) (@i)ier and (S;1 ©i)ier are biorthogonal.
(iii) The canonical dual frame (S;lcpi)iel is the unique dual frame of .

Bessel sequences, frames and Riesz bases can be characterized in terms of
operator-perturbations of orthonormal bases, see below.

Theorem 8 [45] Let H be a separable Hilbert space. Then the following hold.:

(i) The Bessel sequences for H are precisely the families of the form (Ue;);es,
where U € B(H) and (e;);cy is an orthonormal basis for H.
(ii) The frames for H are precisely the families of the form (Ue;);cy, where U €
B(H) is surjective and (e;);cy is an orthonormal basis for H.
(iii) The Riesz bases for H are precisely the families of the form (Ue;);cy, where
U € B(H) is bijective and (e;);c; is an orthonormal basis for H.

This allows us to formulate a result about which operators preserve certain prop-
erties:

Corollary 1 [45] Let H be a separable Hilbert space. Then the following hold:

(i) If (¢i)ier is a Bessel sequence for H and U : H — H is bounded, then
(Ug;)ier is a Bessel sequence for H as well.
(ii) If (¢i)ier is a frame for H and U : H — H is bounded and surjective, then
(Uyi)ier is a frame for H as well.
(iii) If (¢i)ier is a Riesz basis for H and U : H — ‘H is bounded and bijective,
then (Ug;);cy s a Riesz basis for H as well.

We conclude this section with the following characterization of all dual frames of
a given frame ¢, which stems from a characterization of all bounded left-inverses of
the analysis operator C,, (analogous to Lemma and an application of Theorem

Bl

Theorem 9 [45] Let ¢ = (¢;)icr be a frame for H. Then the dual frames of ¢ are
precisely the families

Widier = (5;1901' +hi — 2(5;1901‘, @k)hk)A , (6)
el iel
where (h;);cy is a Bessel sequence for H.

By the above result and Theorem [/| a frame, which is not a Riesz basis, has
infinitely many dual frames. In case ¢ is a Riesz basis, we see that the remainder terms
hi— kel (S;lgoi, Qi Yhy in (@) vanish, since (¢;);e; and (S;lgoi)iel are biorthogonal
in this case.
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3 Fusion frames

In this section, we present the basic definitions and results regarding fusion frames,
Bessel fusion sequences and their relation to the fusion frame-related operators.
Because this is a survey on this topic, we will give full proofs. The reader will
notice many parallels between frames and fusion frames in this section. However,
as we have already mentioned and will see later, fusion frame theory raises a lot
of unexpected and interesting questions, which are non-existent for Hilbert space
frames.

At first, we motivate the concept of fusion frames by generalizing the frame
definition. We rewrite the terms |{f, ¢; )| from the frame inequalities (2) as follows:

Ifs@idl> = (foei)ei, [)
={((f.eei. [)

2 Qi i
= i ’_ _7 . 7
el << ||soi||>||¢,-|| > @

If we set V; := span{¢;} = span{¢;}, then the singleton {||<,ai||‘1 ~<pi} is an or-
thonormal basis for V;. In particular, the orthogonal projection my, of H onto the

one-dimensional subspace V; is given by 7y, f = < £ ﬁ> ﬁ. Inserting that into
and setting v; := ||¢; || yields

[(fr @) = vi (v, £, f)
= v} (my, [ f)

2 2 2
= v (v, f,o v, f) = v llmy, fII°.

This allows us to rewrite the frame inequalities to [42) Proposition 2.14]

Al fIP < vallﬁvifll2 <SBGlIfIP  (Vf €H).

iel

Therefore, we see that frames can also be viewed as weighted sequences of 1-
dimensional closed subspaces satisfying the inequalities (Z). Admitting arbitrary
weights - in the sense of weighted frames [9] - and in particular, arbitrary closed
subspaces leads to the definition of a fusion frame and related notions [40]:

Definition 2 Let V = (V;, v;);<; be a countable family of closed subspaces V; of H
and weights v; > 0. Then V is called

* a fusion frame for H, if there exist positive constants 0 < Ay < By < oo, called
fusion frame bounds, such that

AVISIP < Y Rlav I < ByIFIP (Y € H). ®)

iel

* afusion frame sequence, if it is a fusion frame for H := span(V;);e;.



10 Authors Suppressed Due to Excessive Length

* an Ay -tight fusion frame (sequence), or simply tight fusion frame (sequence), if
it is a fusion frame (sequence), whose fusion frame bounds Ay and By in @]) can
be chosen to be equal.

* a Parseval fusion frame (sequence), if it is a 1-tight fusion frame (sequence).

* an exact fusion frame, if it is a fusion frame, that ceases to be a fusion frame
whenever one component (Vi, vx) is removed from V.

* a Bessel fusion sequence for H, if the right but not necessarily the left inequality
in (B) is satisfied for some By > 0. In this case we call By a Bessel fusion bound.

Remark 1

(a) For any Bessel fusion sequence V = (V;, v;);c; (and hence any fusion frame), we
will always implicitly assume (without loss of generality), that V; # {0} for alli € I,
because a zero-space V; = {0} does not contribute to the sum in (§]) anyway. This is
done to avoid case distinctions in some of the theoretical results.

(b) As a first glimpse at the differences between frames and fusion frames, consider
the following: It is known that for every m,n € N there is a m-element Parseval
frame for any n-dimensional Hilbert space [34] (and the vectors may even be equal
norm). The situation for fusion frames is much more complicated. For example, there
is no Parseval fusion frame V = (V;, v; l'2=1 for R3 consisting of two 2-dimensional
subspaces for any choice of weights. This is true since, in this case, there must exist
a unit vector f contained in the 1-dimensional space V| NV, and so v%||7rvl fI? +
v3llmy, £II = (vF +v3) || £1I%, while a unit vector f € V; \ V, will satisfy v? ||y, f]|* +
v§||7rvzf||2 < (v% + v§)||f||2, and thus we cannot have Sy = Iy (see Corollary .
Currently, there are no necessary and sufficient conditions known for the existence
of Parseval fusion frames for arbitrary dimensions of the subspaces.

(c) A converse to our motivation for fusion frames via frames is the following:
Assume that V = (V;,v;);¢; is a fusion frame such that dim(V;) = 1 for all i € I.
Then, for every i, there exists a suitable vector ¢;, such that V; = span{¢;} = span{¢;}
and 7y, f = (f, lill ™" - @i)ll@ill ™ - @i. It is now easy to see, that V being a fusion
frame is equivalent to (v;]|¢;||”" - ¢;) being a frame.

(d) IfV = (V;,v;)ier is a fusion frame for H, then the family (V;);c; of subspaces
V; is complete, i.e. it holds span(V;);c; = H. To see this, assume for the contrary,
that there exists a non-zero g € (span(V;);e I)L. Then this g would violate the lower
fusion frame inequality in ().

A different motivation for fusion frames comes from the following problem:

? Goal

Let (V;);er be a family of closed subspaces of H and assume that for every i € I,
(¢ij)jey; is aframe for V;. Give necessary and sufficient conditions on the subspaces
Vi, such that the collection (¢;;)ier, jey, of all local frames (including all resulting
repetitions of the vectors ¢; ;) forms a global frame for the whole Hilbert space #.
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The following result shows that the notion of a fusion frame is perfectly fitting
for this task.

Theorem 10 [42] Let (V;);cr be a family of closed subspaces of H and (v;);iey be a
Sfamily of weights. For every i € 1, let (¢;;) jcy; be a frame for V; with frame bounds
A; and B;, and suppose that 0 < A = inf;e; A; < sup;¢; B = B < oo. Then the
following are equivalent:

(i) (Vi,vi)ier is a fusion frame for H.
(ii) (vigij)ier,jey; is a frame for H.

In particular, if (Vi,v;)ier is a fusion frame with bounds Ay < By, then

(vigij)iel,jey; is a frame for H with frame bounds AAy < BBy. Conversely, if
(vigij)iel,jey; is a frame for H with bounds Ay, < By, then (Vi, v;)icr is a fusion
Buy
i

. . AU
frame with fusion frame bounds bounds —* <
Proof Since (¢;}) ey, is a frame for V;, we formally see that

A Py IR < Al £

iel iel

< va Z mv, £, i)|* = Z Z [(fovigii)?

iel  jeJ; iel jeJ;
< Y uiBillav fI? < B Y llry, FIP,
iel iel
Thus, if (V;,v;);<; is a fusion frame for H with bounds Ay < By, then we obtain
AAVIIFIP < Y Y K uifi) P < BBy 1P
iel jeJ;

Conversely, if (v;¢ij)ier,jes; is a frame for H with frame bounds A,, < B,,, then

Avg o 2 2 _ Bog o
MR < ) oflav fIP < =2 IAIP.

iel
This completes the proof. O

The special case A = A; = K = B; = B, for every i € I, in the latter result yields
the following corollary.

Corollary 2 [42]] Let (V;);e1 be a family of closed subspaces of H and (v;);cy be a
Samily of weights. For everyi € I, let (¢;})jes, be a Parseval frame for V;. Then, for
every K > 0, the following are equivalent:

(i) (Vi,vi)ier is a K-tight fusion frame for H.
(ii) (vigij)iel,jes; is a K-tight frame for H.
This — corresponding to the approach in many applications that one considers

a fusion frame with local frames for each of its subspaces — leads to the following
definition, see also Sections [6.3]and [8}
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Definition 3 [42] Let V = (V;,v;);c; be a fusion frame (Bessel fusion sequence),
and let <p(i) = (¢ij)jes; be a frame for V; for i € I with frame bounds A; and B;.
Assume that A = inf A; > 0 and B = sup B; < oo. Then (V;, v;, ©);e is called a
fusion frame system (Bessel fusion system).

In the following, we collect a few observations on the weights v; associated to a
Bessel fusion sequence. For that, the following notion will be useful: We call a family
(vi)ier of weights semi-normalized (see also [8]), if there exist positive constants
m < M such thatm < v; < M foralli € I.

Lemma 1 /59] Let V = (V;,v;)ics be a Bessel fusion sequence with Bessel fusion
bound By . Then v; < \By foralli € I.

Proof Since we always assume V; # {0} for a Bessel fusion sequence (V;, v;)ier,
we may choose some non-zero f € V; and see that

IR = o v I < 7 o2 v f I < By lA IR

icl
for every i € I. Dividing by || f||? yields the result. O

By Lemma m the weights v; associated to a fusion frame V = (V;,v;);¢; are
uniformly bounded from above by the square root of its upper frame bound. However,
(vi)ier needs not to be semi-normalized in general. An easy counter-example is the
Parseval fusion frame (H,27")" | for H.

Lemma 2 Let (w;);e; be a semi-normalized family of weights with respect to the
constants m < M. Then (V;, v;);er is a fusion frame for H if and only if (V;, v;w;);er
is a fusion frame for H. In particular, (V;,v;)icy is a Bessel fusion sequence for H
if and only if (V;, v;w;);er is a Bessel fusion sequence for H.

Proof Similar to the proof of Theorem[I(] the statement follows from
2 2 2 2.2 2 2 2 2
m* Y Gl fIP < ) ofwlnv fIP < M? Y dllrv fIP (Vf € H).
iel iel iel
Next we introduce the fusion frame-related operators and characterize Bessel

fusion sequences and fusion frames with them.

The canonical representation space for frames is the sequence space £%(7). In the
theory of fusion frames we consider generalizations of £2(I). For a family (V;);¢; of
Hilbert spaces (e.g. V; closed subspaces of H), the Hilbert direct sum ( Diel EBV[)KZ,
also called the direct sum of the Hilbert spaces V; [46,124], is defined by

(Xev), = {(fmel € Ve : D IIAIP < oo} :

iel i€l

It is easy to verify that for (f;)ics, (8i)ier € (Zies ®Vi) 2, the operation
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((fiers (8iier (S oVi) 0 = Z(fi’ i)

iel

defines an inner product on ( Y;c; ®V;) 2 (see also [46]), yielding the norm

Ifierlits,, oviy, = O, LI ©)

iel

Moreover, adapting any elementary completeness proof for £>(I) yields that the
space (Xics ®Vi) 2 18 complete with respect to the norm (@) i.e. a Hilbert space
(see e.g. [62]]). Note that (Y,;c; &C),, = £%(I). In analogy to the dense inclusion
£%°(1) C £2(I), the space of finite vector sequences

(Z GBVi)€OO = {(fi)ie] € (Vi)ier : f; # 0 for only finitely many i}
iel

is a dense subspace of (X;c; ®V;) 2+ For the remainder of this manuscript we

abbreviate
2 . : 0 ._ .
K2 = (ZI“@V,)[2 and K% = (Z@V’)N)
1€ 1€

and analogously

‘Kg_, = (EZGB‘H)[2 and ‘Kf}? = (Z@W)N).

iel iel

We will continue our discussion on Hilbert direct sums in Subsection [3.1] For now,
we proceed with the definition and basic properties of the fusion frame-related
operators.

Let V = (V;,v;);es be an arbitrary weighted sequence of closed subspaces in H.
The following canonical operators associated to V play a central role in fusion frame
theory:

e The synthesis operator Dy : dom(Dy) C ‘K% —> H, where dom(Dy) =
{(fidier € K5, Sieq viny, fi converges} and Dy (fi)ier = Xieq vinty, fi

* The analysis operator Cy : dom(Cy) C H — 7(%(, where dom(Cy) = {f €
H : (viny, fier € Ky} and Cy f = (vizy, fier

* The fusion frame operator Sy : dom(Sy) € H — H, where dom(Sy ) = {f €
H : Yiep v2ny, f converges} and Sy f = ¥;c; v?my, f.

The synthesis operator is always densely defined, since ‘Kg? € dom(Dy ) is dense
in 7(3{, and we always have Dj, = Cy (see below for the bounded case). On
the other hand, one can show [84], that the analysis operator Cy, in general, is
not necessarily densely defined. If Cy is densely defined (or, equivalently, Dy is
closable), then Dy C C;‘, and in this case, E = C;‘,. Moreover, one can show that
always Sy = Dy Cy and that Sy is symmetric on its domain. We refer to [84] for

more details on these (possibly unbounded) operators associated to general subspace
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sequences. For our purpose it is sufficient to treat the bounded case only (compare
with Theorem [TT).

Lemma 3 [40|] Let V = (V;,v;)ie1 be a weighted sequence of closed subspaces in
H. If Dy € B(K,,H) then D}, = Cy; if Cy € B(H,K3), then C;, = Dy ; and
either of the two latter cases zmplzes that Sy = DyCy € 8 (7‘() is self adjoint.

Proof For g € H and (f;)ier € 7(31 we have

(Dyg. (fi)iel>7(3( = (g, Dy (fi)ier)

= Z(g,viﬂv,-fi>

iel
= D (vimvg, fi)
iel

= ((vinv,8)iers (fi)iel>.K’%{
= <CVga (ﬁ)l€I>7('§-l = <g, C;k/ (ﬁ)161>7<(i{

This implies the first two statements and the rest is clear. (]

Theorem 11 [40] Let V = (V;, v;)ie; be a weighted sequence of closed subspaces of
H. Then the following are equivalent:

(i) V is a Bessel fusion sequence with Bessel fusion bound By .
(ii) The synthesis operator Dy associated to 'V is a bounded operator from 7(;{ into

H with ||Dv || < VBy.

(iii) The analysis operator Cy associated to V is a bounded operator from H into
XK, with ||ICy || < VBy.

(iv) The fusion frame operator Sy associatedtoV is bounded on H with ||Sy || < By .

Proof (i) = (ii) Assume that V is a Bessel fusion sequence with Bessel fusion bound
By . Then for any finite vector sequence h = (h;);cy € ‘Kf;? we have

2
”Zv,nvlh “ = sup K Ulﬂv,»hi,g>|

ligli=1
2
= Sup )ZU,‘(h[,ﬂ'vig>|
llell=1"3e7
< sup (vl gllndl)
llgll=1 * e
< sup (2 llmvigllP) (3 IilR) < By Al
ligl=1 *icy ic) H

This implies that Dy is bounded on K37 by VBy . Since K3 is a dense subspace of
%7,» Dy extends to a bounded operator Dy : K, — H with ||[Dy || < VBy.
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(if) = (iii) = (iv) This follows from Lemma[3}
(iv) = (i) If Sy is bounded with ||Sy || < By, then for all f € H we have

Zvizllfrv,-fll2 = (Sv £, ) < ISv FILA < ISv LA < By ILFII,

iel
i.e. V is a Bessel fusion sequence with Bessel fusion bound By . (]

Remark 2 The proof of Theorem [IT] reveals, that for any Bessel fusion sequence
V = (Vi,vi)ier,thesum ;¢4 vl.znv,,f,- converges unconditionally in H forall (f;);es €
)2,

H

By Theorem the fusion frame operator Sy is bounded on H, whenever
V = (Vi, v;)ier is a Bessel fusion sequence. If, in addition, V is a fusion frame, then
Sy isinvertible and thus yields the possibility of perfect reconstruction, see Theorem
[[2below.

In analogy to frame theory, fusion frames enable perfect reconstruction without
the assumption, that the subspaces V; are orthogonal. This can be seen as the
most important advantage of fusion frames in comparison with orthogonal
subspace decompositions.

Theorem 12 [40] Let V = (V;,v;)ier be a fusion frame with fusion frame bounds
Ay < By. Then the fusion frame operator Sy is bounded, self-adjoint, positive and
invertible with

Ay < ISyl < By and By <|S)'ll < Ay (10)
In particular
F=) Sy =) ustavf  (VfeH) (11)
iel iel

where both series converge unconditionally.

Proof 1fV is a fusion frame, then V in particular is a Bessel fusion sequence. Hence,
Theorem|TT]and Lemma [3|imply, that Sy is bounded and self-adjoint. Moreover, by
the definition of Sy, we may rewrite the fusion frame inequalities () to

Av Y <SvhNH<Bvf. ) (VfeH). (12)

Thus Sy is positive. Furthermore, by manipulating (T2), we obtain
- By — Ay
0<(Tn~By'Svf.f) < (Fg=0rf) (v eH)

and thus, since J¢; — B“,ISV is self-adjoint,
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_ § By - A
173~ By'Sv |l = sup (T ~BySv)f. f) < VB—VV <1

Now, an application of Neumann’s Theorem yields that B;lS y is invertible, hence
Sy is invertible too. In particular, for all f € H, we have f = Sy S‘_,lf = S‘_,l Sv f,
which implies (TI)) with unconditional convergence (see Remark [2)). Finally, the
left-hand side of (I0) follows immediately from (I2)). To show the right-hand side
of , observe that we have ||S{,‘|| > |ISy]! > B;,] and that AV||S{,1f||2 <
(SvS £8P ) = (oS3 ) < 1ISPHINFIIP implies [IS3!] < A7 O

So, for any fusion frame V, we have the possibility of perfect reconstruction of
any f € H via (LI), where the subspaces V; need not to be orthogonal and can have
non-trivial intersection. In particular, we can combine fusion frame reconstruction
with local frame reconstruction in a fusion frame system. More precisely, given
a fusion frame system (V;, v;, tp(i))iel with associated global frame vy, we obtain
several possibilities to perform perfect reconstruction via the frame vectors v;¢;;
(see Definition , which demonstrates that fusion frames are tremendously useful
for distributed processing tasks [42]].

Lemma 4 [42] Let V = (V;, v, ¢'9)icr be a fusion frame system in H with global
frame ve. If(go;i].)jgji is a dual of @9 for every i € I, then

(i) (S{,l vitpl‘.lj)iez,jeji is a dual frame of the global frame vep. In particular

F=2" 3 Fovigis) Sitoiels (Y € ).

iel jeJ;
(ii) Sy = Dy,aCyy = DypCypa, where vp? = (U[‘p;lj)[gl,jg‘]i.
Proof (i) For every f € H itholds my, f = X;¢; <f, goij> cp;.jj and hence
f = Z U%S;/]ﬂvif = Z Z <f, UiQ"ij) S{,lv,-(pf.l/v.
iel i€l jeJ;
(i) Similarly, we see that
2 d
Svf= Zvi”\/,-f = Z Z (f.vigij) Vg
iel iel jel;

where we note that v¢? is indeed a frame for H by Theorem O

In view of applications, knowing the action of the inverse fusion frame operator
S ;,1 on elements f € H is of utmost importance. If one prefers to avoid the inversion
of Sy, approximation procedures such as the fusion frame algorithm (see Lemma
i can be performed. However, for tight fusion frames, the computation of S{,l
becomes fairly simple and thus fusion frame reconstruction can be computed with

ease, see (13) and (I4).

First, we note the following reformulation of the inequalities (T2)).
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Corollary 3 [42]] Let V = (V;, v;:)ier be a weighted sequence of closed subspaces of
H and let 0 < Ay < By < co. Then the following are equivalent:

(i) V is a fusion frame with fusion frame bounds Ay < By.
(ii) Ay - Ig¢ < Sy < By - Iy (in the sense of positive operators).

Corollary 4 [42]] Let V = (V;, v;)ieq be a weighted sequence of closed subspaces of
H. Then the following hold.

(i) V is an Ay -tight fusion frame if and only if Sy = Ay - Iy.
(ii) V is a Parseval fusion frame if and only if Sy = 1.

In particular, for an Ay -tight fusion frame we have

f=o s (Vf eH), (13)

Av
and for a Parseval fusion frame

f=Y S (Vf e H). (14)

i€l

Similar to Theorem [I1] we can characterize fusion frames in terms of their
associated canonical operators. The crucial observation for this characterization is

ICv flle = D villav, fIP. (15)

i€l

Theorem 13 [42]] Let V = (V;, v;)ier be a weighted sequence of closed subspaces of
H. Then the following are equivalent:

(i) V is a fusion frame for H.
(ii) The synthesis operator Dy is well-defined on K2, bounded and surjective.
(iii) The analysis operator Cy is well-defined on H, bounded, injective and has
closed range.

Proof The equivalence (ii) < (iii) is generally true for a bounded operator between
Hilbert spaces and its adjoint [46]]. All conditions imply boundedness, as we will see
in the following.

(i) = (ii) If V is a fusion frame, then Dy € B (‘Kg{, H) by Theorem If Dy
was not surjective, then there would exist some non-zero h € R(Dy)* = N(D3},) =
N(Cy). However, inserting this & into equation (15)) and the lower fusion frame
inequality (8) would lead to a contradiction.

(iii) = (i) If (ii) and (iii) hold, then Cy is bounded below on H [46] and also
bounded on H (by Lemma [3). This means that the fusion frame inequalities are
satisfied for all f € H. O

As we have seen above, the frame-related operators of fusion frames share many
properties with the frame-related operators associated to frames (see Theorem [6).
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Analogously as in classical frame theory, there are — of course — other character-
izations of weighted families of closed subspaces being a fusion frame via these
operators. For instance, the following result gives a characterization of fusion frames
and their frame bounds via their synthesis operator.

Proposition 1 /58] Let V = (V;, v;)icr be a weighted family of closed subspaces in
H. Then'V is a fusion frame for H with bounds Ay < By if and only if the following
two conditions are satisfied:

(i) (Vy)ier is complete, i.e. span(V;)ier = H.
(ii) The synthesis operator Dy is well defined on ‘Ki{ and

AvIfier? < IDy (f)ierl? < By I(f)ier P (Y(fiier € N(Dy)*).
(16)

Proof First assume that V is a fusion frame with fusion frame bounds Ay < By . By
Remark[I](d), (V;)ies is complete and Theorem [I3]implies that the upper inequality
in is satisfied and that R(Cy ) is closed, since R(Dy) is closed. The latter
implies that N(Dy )+ = R(Cy) = R(Cy), i.e. N(Dy)* consists all of families of
the form (v;my, f)ier, where f € H. Now, for arbitrary f € H, we see that

2
(Dol fI7)” = 6w £, P < Sy FIPLFIP < 1Sy FIP 2= " v, £

i€l i€l

This implies that

Ay D R lmv fIP < ISv £1? = 1Dy (virry, et 1%

i€l

as desired.

Conversely, assume that (i) and (ii) are satisfied. Since 'K% =N(Dy)eN(Dy)*,
(i) implies that the synthesis operator Dy is norm-bounded on ‘Ké{ by By . Thus,
by Theorem [T1] V is a Bessel fusion sequence with Bessel fusion bound By and
it only remains to show the lower fusion frame inequality with respect to Ay . We
first show that R(Dy ) = H. By the validity of (i) and span(V;);c; € R(Dy) € ‘H,
the claim follows if we show that R(Dy ) is closed. To this end, let (gn),”, be
a Cauchy sequence in R(Dy). Note that (g,),”, = (Dvhy),,, where (hy),’,
is a sequence in N(Dy)*, and the lower inequality in implies that (h,);,
is a Cauchy sequence in N'(Dy)*. Since N (Dy)* is a closed subspace of K2,
(hn),”, converges to some h € N (Dy)*. By continuity of Dy, this means that
(gn),., converges to Dy h in R(Dy). Thus R(Dy) is closed and R(Dy) = H
follows. Note that due to Theorem|[I3|we can already deduce that V is a fusion frame.
In order to establish that Ay is a lower fusion frame bound, recall from (I)) that
D:,DV = TN(Dy)+ and DVDI, = ng(py) = Ly. Hence, (ii) implies that for any
(fi)ier € 7(31 we can estimate

AID}, Dy (fier|? < 1Dy D, Dy (f)ier I* = 1Dy (fi)ier I
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Since also N'(D},) = R(Dv)* = {0}, the latter implies that ||D},||> < Aj'. In
particular, this yields ||(D’{,)T||2 = ||C€L,||2 < A{,l. Since C;CV is the orthogonal
projection onto R(C‘T,) = R((DI,)*) = N(DI,)L = R(Dy) = H, we finally see
that for arbitrary f € H it holds

+ 1 1
2 _ 2 . 2 _ 220, 12
AP = lICy Cv A < Zllev £ = 2 ;61 v llzvi £11°

i.e. Ay is a lower fusion frame bound for V. [l

3.1 Operators between Hilbert direct sums

Before we proceed with the next section, we provide an excursion into the realm of
linear operators between Hilbert direct sums and their matrix representations. The
results presented here mainly serve as a preparation for several proof details in the
subsequent sections. Thus, the reader who is only interested in the main results for
fusion frames, may skip this subsection.

Instead of considering spaces of the type 7(‘2, = (Xies ®Vi) 2» Where each V; is
a closed subspace of a given Hilbert space H, we may consider the slightly more
general case, where V; are arbitrary Hilbert spaces, and set

(2 %), = {iier : fi € Vi DIl < oof. a7
iel iel
Again, for f = (fi)ier, 8§ = (8i)ier € (Xier ®Vi)e, the operation
(o) ovip = ) (o8 (18)
iel

defines an inner product with induced norm

11 Syer ovire = (D 1A,

iel

and (3;¢; ®Vi)e2 is complete with respect to this norm.

Of course, definition extends to the case where the spaces V;s are only
pre-Hilbert spaces, resulting in (3;c; ®V;),2 equipped with the inner product
being only a pre-Hilbert space. If and only if all V;s are Hilbert spaces, the space
(Xier ®Vi) is a Hilbert space, in which case we call it a Hilbert direct sum of the
(Vi)ier- In particular, since subspaces of Hilbert spaces are closed if and only if they
are complete, we obtain the following corollary.
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Lemma 5 [63] Consider the Hilbert direct sum ( X;c; ®V;) ,» and for eachi € I, let
U; be a subspace of V. Then ( Yic; ®U;) 2 is a closed subspace of ( Xier ®Vi) 2 if
and only if U; is a closed subspace of V; for every i € I.

Reminiscent of the previous result, we can prove the following result on orthogonal
complements, see also [63]].

Lemma 6 [63] Consider the Hilbert direct sum ( Diel GBV,-)KZ and the (not neces-
sarily closed) subspaces U; of Vi (i € I) and ( L;c; ®U;) 2 of ( Zier ®Vi) 2. Then

(Sovne) =(Foui)e

iel iel

Proof To show the "2"-part, choose g = (g;)ier € (Xics @Uil)lz and observe that
forany f = (fi)ier € (Xies ®Ui) o We have (f, 8)(x,, ovi),2 = Zier {fi>8i)vi =0,
implying g € ((X;c; ®Ui)2)".

To show the "C"-part, we have to show that if & = (h;)ic; € ((Z;e; ®Ui)g2) " then
h; € U forevery i € I. Since (f, h)(z,, ev;),, = 0 holds for all f € (X;¢; ®U;) 25
this is particularly true for f = (..., 0,0, f;,0,0,...) € ( X;c; ®U;) 2 (where f; € Uy is
in the i-th entry) and hence we see that in this case 0 = (f, 1)y, , oV, = (fi> hi)v,,
which implies h; € U, ll Since this holds for all i € I, the proof is finished. O

Next, we show how orthonormal bases for Hilbert direct sums can naturally be
constructed from local orthonormal bases:

Lemma 7 [l62|] For every i € 1, let (e;;) jcJ; be an orthonormal basis for V;. Set
éij = (Oixerjlker = (...,0,0,€;;,0,0,...) (e;; in the i-th component).
Then (€;j)ici,jes, is an orthonormal basis for ( Diel ®Vi)€2.

Proof 1t suffices to show that (€;;)ier, jes, is a complete orthonormal system.
Take two arbitrary elemts é;;,éy;: In case i # i’ we immediately see that
{éij’éi,j/>(2iell®vi){.2, = 0 by thei deNﬁnition of (.,.)(3;; ®vi),» and the elements
€ij. In case i = i’ we have <eij’eij/>(2iel Vi) = <eij’eij’>Vi = 6jj/. Thus
(€ij)ic1,jes; is an orthonormal system. To see that it is complete, observe that
for any (f;)ier € (Z,-el GBV,-)KZ we have

(fDier = Z(éikfk)kel = Z (5ik Z <fkvekj>ekj)k61 = Z Z(fi,eij)éij
iel i€l J€eJk i€l jeJ;

and the proof is complete. U

Recall the notation

‘K‘Z, = (Z®vf)gz and 7(%, = (Z@Wi)[z,

JjeJ i€l
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where (V;)jcs and (W;);e; are families of arbitrary Hilbert spaces associated to
the (possibly different) index sets I and J. Assume that for alli € I, j € J we
are given linear operators Q;; : dom(Q;;) € V; — W;, and let f = (fj)jes €
(dom(Q;j))jes S (Vj)jes- Then

or = (Y 0ifi) (19)

jeJ

defines a linear operator Q : dom(Q) € K — K3, , where

dom(Q) = {(fj)je] € (dom(Q;j))jes : Z H Z Qijfj“iv_ < 00}- (20)
jeJ !

i€l

If we view elements f = (f;);cs from 7(‘2/ as (possibly infinite) column vectors, then
(by assuming I = J = N without loss of generality) we can represent the operator Q
by the matrix
01 Q12013 -
021 022 023 ...
Q=103 0503 ... |- @n

because (I9) precisely corresponds to the formal matrix multiplication of Q with f.

Our goal is to show that there is a one-to-one correspondence between all bounded
operators Q € B(K3 ,‘K‘%V) and all matrices [Q;;];ecs ic; of bounded operators
Q;; € B(V;, W;) with dom([Q;j]jes,ier) = K3 (where the domain is defined as in

20)

For that purpose, we define the coordinate functions
Cv.i: Ky — Vi, Cv.i(fi)jes = Jfx (kelJ).

Clearly, each operator Cy  is norm bounded by 1 and hence possesses a uniquely
determined adjoint operator Cy, , : Vx — 7(‘2, For fi € Vi and (g;) ey € K2, the
computation
(Cy i fes (8))jenae, = (fi:Cv k(8))jerIvi
= (fks 8KV
= <(9 09 09 fk»oa 09 )9 (g])]6.1>‘](€/

shows that C‘*,’k maps fr € Vi onto (...,0,0, fx,0,0,...) € ‘K‘z, (fx in the k-th
component). Analogously, we define

Cw: Ky — Wi, Cw.1(8i)ier = & (Lel

with ||Cw ;]| = 1 and Cy Wi— 7(&, given by Cy, ;81 = (0,...,0,g,0,0,...) (g
in the /-th component).
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Proposition 2 /62] Let Q € B(KZ, ‘K‘%V) be bounded. Then there exists a uniquely
determined matrix [Q;jljer.ier of bounded operators Q;; € B(V;, W;), such that
the action of Q on any (fj)jes € 7(‘2, is given by the formal matrix multiplication of
(Qij)jes.icr with (fj)jeu, ie.

0(fj)es = (X, Quiti),_:

jeJ

Proof For each f = (fj)jes € K we have f = 3¢, Cy, i and thus Of =

2jes OCy, fJ by the boundedness of Q. Furthermore, since Qf € K2, we may
write Q f = ([Qf] )ier, where [Q f]; € W; denotes the i-th component of Q f. By
definition of the coordinate functions Cy ; we obtain

Of =0 fi)ier = (Cw.iQf)ier

(CW’ZQCV ,f]) (ZCW‘QCV ,f])

JjeJ JjeJ

We set Q;; = CW,iQC‘*,’j € B(V;, W;) and observe that Q acts on f = (fj)jes €
‘K‘z, in the same way as the matrix [Q;;] es ier does in 1) when considering
f as column vector. The uniqueness of the matrix [Q;;];es ier follows from its
construction. O

Note that we can also define a matrix representation of operators using fusion
frames as a generalization of the ideas in the above proofs, where not the ’canonical’
operators Cw ; and Cy ; are used, but the fusion frame-related analysis and synthesis
operators are, see [11]].

Next we show the converse of the above result. Its proof relies heavily on the
Uniform Boundedness Principle. In order to write down the proof properly, we make
use of the following projection operators defined below. Note that here and in the
subsequent proof, we may assume, without loss of generality, that / = J = N. For
m,n € N we define

Py Ky — Ky Pl (f)jer = (fis s f2,0,0,.0),
Phy Ky — Kys Py (@ier = (815 -58m> 0,0, ...).

It is easy to verify that PV and PXV , are orthogonal projections (m,n € N).

PrOpOSlt10n3 [62] Let Q;; € B(V;,W;) forall j € 1,i € I, and define Q as in (-)
If dom(Q) = K3, then Q € B(KZ, Kz,).

Proof The assumption dom(Q) = ‘K‘z, means that Q is a well-defined linear operator
from 7(‘2, into 7(5‘, Consider the sub-matrices T, = PW >Q ‘](2 — 7(2 If we
can show that each 7}, is bounded and that the operators T,, converge pointwise
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to Q as m — oo, then, by the Uniform Boundedness Principle, this implies Q €
B(KZ, 7(‘24,).

To see that the operators T, converge pointwise to Q, recall that our assumption
dom(Q) = K, implies that for all f € K7 we have Qf € K3,, which means that

||Qf||3(€v =2 | Z;o:l Qijfj”%vi < o0, In particular, this implies
hm ”(]7(2 - P<m>)Qf”2 2

Jm_ > [ Seusf], -

i=m+1  j=1

: 2
Jim 110 = T fI2,

It remains to show that 7},, € B(K>, 7(%,) for each m. We will use the Uniform
Boundedness Principle once again to see that this is true. To this end, we fix an
arbitrary m € N and consider the sub-matrices T( m = <m>QP - 7(2 — 7(2 of

T,.. To see that T,,(qn) is bounded for each n € N, observe that we have

=1 j=1
i (Z 104 llv,—w, ||fJ||V)
i=1

2 (Z i, HW)(Z 1£1%,)-

where we used the Cauchy Schwartz inequality. This implies

2
“P<m> (n)“ —%2, <mn sup “Qij”Vj—»W,» < 0.

1<i<m,1<j<n

What remains to be proven is that T,ff’) — T,,, pointwise (as n — ©0), i.e. that for
any f € 7(‘2, we have

lim ||(T, —T(">)f||,K2 = lim [P}, QT ~PL)flle =0 (22)

n—oo

To this end, fix an arbitrary f = (f;) € 'K‘z, and define
gy = Z Qijf;
j=1

Then clearly g,(f) € W; for every n € N and every i. By construction we have
lim,, e g(l) Z‘;"  Qijfj € W;, which follows from Qf € 7(2 Therefore, for

every i, the sequence {xn>}neN, defined by x(l) = ZJ 2 Qiifi ||W is a convergent
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sequence in R with limit 0. This implies

n—oo

i=1

K o 2
=2 m | 3 eusi, =0
i j=n+l !

=1

K el 2
Jim [1PY,0g, = Pi sl = tim 3| S 0,
1 j=n+l !

and (22)) is proven. O

We may summarize Propositions [2]and 3] as follows:

Every bounded operator Q € B(K?,K3,) can be naturally identified with
a matrix [Q;;] ey, icr of bounded operators Q; € B(V;, W;), which acts on
f = (fj)jes via matrix multiplication (as in ), and which additionally
satisfies dom(Q) = “K‘z, (compare to ).

This motivates us to use the notation

M(Q) = [Qijljes.ier

and call M(Q) = [Qij]jey.ier the canonical matrix representation of Q.

Examples

Assume that V = (V;,v;);cr is a Bessel fusion sequence for . Then, by Theorem
Dy € B(K2,H)and Cy € B(H, V(i{) are bounded operators. Their respective
canonical matrix representations are given by

M(Dv) = [ Vi1t Uity Vil TV - - ] .
T
M(Cv) = [ Uiy, Uity Vi1 TV - - ] .

where the exponent 7 denotes matrix transposition, as usual.

Note: For the remainder of this subsection, we assume that ‘K‘Z, and 7(%, are Hilbert
direct sums indexed by the same index set I.

One particularly interesting subclass of operators between Hilbert direct sums
are the block-diagonal operators (also known as direct sums of operators [46l)
between Hilbert direct sums associated to the same index set /. For given operators
Q; : dom(Q;) C V; — W;, the block-diagonal operator (B, ; Q; is defined by

Doidom(Po) ki — K. Dol = Qifer 23)

iel iel iel
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Here in this manuscript we only consider the case, where each Q; € B(V;, W;) is
bounded, see Section[6]

By their definition, bounded block-diagonal operators are precisely those bounded
operators in B(%K? ,‘K‘%V), whose canonical matrix representation is given by a
diagonal matrix, i.e. M(€D,.; Qi) = diag(Q;)ies. The next lemma gives an easy
characterization for block-diagonal operators @i o7 Qi associatedto Q; € B(V;, W;)
(i € I) being bounded.

Lemma 8 Assume that we are given bounded operators Q; € B(V;, W;) (i € I).
Then @ie] Q;, defined as in , is a bounded operator @ie] Q; € B(K3 ,7(‘%‘,)
if and only if sup;¢; |Q;ll < co. In that case, || P, ; Qill = sup;¢; 1Q:ll < oo

Proof This proof merely consists of writing down the definitions and is therefore
left to the reader, see also [[62] for more details. O

Remark 3 A short computation shows that if 5, _; Q; € B(K3Z, 7(‘%‘,) is bounded
and block-diagonal, then its adjoint (€, , 0,) = P O € B(K> 7(‘2,) is
again block-diagonal [63]].

In this manuscript, we will also consider a sub-class of bounded block-diagonal
operators: We call a bounded block-diagonal operator (B, ., Q; € B(K? ,‘Kev)
component preserving, if each Q; € B(V;, W;) is surjective.

By considering the self-adjoint operators My x = Cy, ;Cv ik € 8(7(‘2,), given
by My i (fi)ier = (0kifi)ier for k € I, and analogously Mw r = CCV,kCW,k €
B(‘K‘%V), we can state the following characterization of bounded operators Q €
B(KZ, 7(‘24,) being block-diagonal (resp. component preserving). Its proof follows
immediately from the uniqueness of the canonical matrix representation of Q, see
above.

Lemma 9 Let Q € B(K2, 7(‘24,) Then the following are equivalent:

(i) Q is block-diagonal.
(i) OMy x = Mw xQ for each k € I.
(i) OMy «(K3) € Mw «(K3,) for each k € 1.

Furthermore, the following two conditions are equivalent:

(iv) Q is component preserving.
(v) OMy 1 (K%) = Mw «(K3,) for each k € I.

Note, that for the remainder of this survey, we reconsider the special cases ‘K‘z, =
K3, and K, = (Zie ®Vi) 20 Where each V; is a closed subspace of H, only. In
particular, in Section[6} we will not distinguish between My x and My i, and simply
write M}, instead.
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4 Other notions in fusion frame theory

In this section we discuss further notions in fusion frame theory.

Definition 4 [40L[81] Let (V;);c; be a family of closed non-zero subspaces of H and
let (v;);c; be a family of weights.

e V = (V;,v;)ier is called a fusion Riesz basis, if span(V;);e; = H and if there
exist constants 0 < ay < By < oo, called lower and upper fusion Riesz bounds
respectively, such that for all finite vector-sequences ( f;);es € 7(80 it holds

av Y NIAIP < Zvl—ﬁ‘

iel iel

2
<pv Y AR (24)

iel

e (V)ier is called an orthonormal fusion basis for H, if H = EB;I Vi Y} i.e.
Iy = Yieynv, and V; L V; forall i # j € I. In other words, an orthonormal
fusion basis is a family of pairwise orthogonal subspaces, so that Sy1 = Iy,
where V! = (Vi, 1)jes. Therefore, we always consider uniform weights v; = 1
(i € I) in this case.

o (Vi)ier is called a Riesz decomposition of H, if for every f € H there exists a
unique family (f;);es of vectors f; € V; (i € I), such that f = ;¢ fi-

. (Vi)ie] is called minimal, if for eachi € I, V; N m(vj)jel,j;ti = {0}

At first, we show that every fusion Riesz basis is a fusion frame. This fact follows
from the following characterization of fusion Riesz bases via the fusion frame-related
operators Dy and Cy .

Theorem 14 Assume thatV = (V;, v;)ics is a weighted sequence of closed subspaces
V; of H. Then the following are equivalent.

(i) V is a fusion Riesz basis for H.
(ii) Dy is bounded on 7(31 withR(Dy) = H and N(Dy) = (K3)*.
(iii) Cy is bounded on H with R(Cy) = ‘K‘Q, and N(Cy) = {0}.

In particular, every fusion Riesz basis is a fusion frame with the same bounds.

Proof First, note that by Lemma @ the orthogonal complement (7(‘2,)l of 7(‘2,
in K7, is given by (X;e; ®V}') 2. By definition of Dy, this implies that Dy =
Dy (mye +m(ge):) = Dymye , and thus Dy |ye = Dymye on K. In particular,
statement (ii) is equivalent to Dy |7(‘z/ € B(K?2,H) being bijective and statement

(iii) is equivalent to Cy € B(H, ‘K‘z,) being bijective. Moreover, as in the proof of
Lemma we can show that (Dy |(K\2/ )" = Cy and we have C}, = Dy |7(‘2/ (assuming

they are bounded), which stems from the fact, that we always have R(Cy) C ‘K‘z,.

1 We use the notation @fe ; to emphasize that the subspaces are mutually orthogonal, so we
consider a very special direct sum.
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(i) & (iii) This is generally true for a bounded bijective operator between Hilbert
spaces and its adjoint [46]. As we will see in the following all conditions imply that
the operators are bounded.

(i) = (ii) If V is a fusion Riesz basis, then by the right-hand inequality of (24),
Dy is bounded on %} and thus by density also on 7. This implies that Cy is also
bounded. If Dy |7(‘2, was not surjective, there would exist 0 # h € R(Dy |7(€ )t =
N(Cy) such that h L V; for all i € I. However, since (V;);¢; is complete by
assumption, there exists some sequence (gn),. ; € span(V;);cs, such that

0= Tim |lh - gnll® = r}glgo(llhllz —(h,8n) = (gn, 1) + llgall®) = 2I|AII> > O,

a contradiction. Therefore Dy |’K§, is surjective. In particular, V is a fusion frame
by Theoremand thus series of the form Dy (f;)ie; = 2ieq Vifi (With (fi)ier €
‘K‘Z,) converge unconditionally. To see that Dy |(K$, is injective, observe that the left
inequality of implies that Dy |.7<€/0 is injective. However, by continuity of Dy,
density of K} in K7, , and unconditional convergence of ¥, s v; f;, the left inequality
of is true for all sequences (f;)ier € 7(‘2, , which implies that Dy |7(‘z/ is injective.
(if) = () If Dy |7(€/ : ‘K‘z, — H is bounded and bijective, then the inequalities
are true for all sequences (f;)ier € 7(‘2, and hence for all finite vector-sequences.
If (V;)ier was not complete, then there would exist 0 # & € H such that 7 L
span(V;);e; - In particular, Cy h = 0, a contradiction. Thus V is a fusion Riesz basis.

Finally, it follows from Theorem [T3] that every fusion Riesz basis is a fusion
frame. In particular, if V is a fusion Riesz basis (and thus a fusion frame), then this
means that Cy is bounded from above and below by the respective fusion frame
bounds and Dy is bounded from above and below by the respective fusion Riesz
basis bounds. Since Dy Cy and Cy Dy have the same non-zero spectrum, we can
conclude that the set of fusion frame bounds coincides with the set of fusion Riesz
basis bounds. U

Recall from Section [3| that the weights (v;);¢; associated to a fusion frame V
are uniformly bounded from above, but not necessarily semi-normalized. However,
weights associated to fusion Riesz bases are indeed semi-normalized:

Lemma 10 [81)] Let V = (V;,v;)ier be a fusion Riesz basis with fusion Riesz basis
constants ay and By . Then

(i) Foralli € I, \Jay <v; < By
(ii) For every semi-normalized family (w;)icy of weights, (Vi,v;w;)icr is a fusion
Riesz basis as well.

Proof (i) Recall that by the definition of a fusion Riesz basis, for any finite vector
sequence (f7)jes € K\, we have

av YA < | Y sfi] <oy Y151,
JjeJ JjeJ JjeJ
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Now, choose some arbitrary i € I, set J = {i}, choose some normalized g € V; and
apply the above.
(ii) follows analogously to the proof of Lemma[2] (|

Recall from frame theory, that every Parseval frame (¢;);e; with ||¢;|| = 1
(Vi € I) is an orthonormal basis (and vice versa) [43]. In the fusion frame setting,
the analogue result is also true (recall from Remark |I| (b), that for 1-dimensional
subspaces V; = span{¢;}, v; corresponds to ||¢;||).

Theorem 15 [40] Let (V;);c; be a family of closed subspaces of H. Then the fol-
lowing are equivalent.

(i) (Vy)ier is an orthonormal fusion basis.
(ii) (V;, 1)i¢q is a Parseval fusion frame.

Proof (1)=(ii) If (V;);e; is an orthonormal fusion basis, then for all f € H, f =
ier Ty, f where the subspaces V; are mutually orthogonal. In particular, this means,
that the fusion frame operator Sy,1 associated to vl= (Vi, 1)jer satisfies Sy 1 = Tyy.
By Corollary 4} this implies that V! is a Parseval fusion frame.

(ii)=(i) For every i € I, let (e;;)jey, be an orthonormal basis for V;. If we assume
that (V;, 1);¢; is a Parseval fusion frame, then, by Corollary the family (e;))ier,jes;
is a Parseval frame. Since every Parseval frame consisting of norm-1 vectors is an
orthonormal basis [43], (¢;)ier,jes; is an orthonormal basis for . This implies
that V; L V; foralli # j and that f = }};; nry, f for all f € H. Thus (V;);es is an
orthonormal fusion basis. O

The next proposition is a slightly more general version of [40, Lemma 4.2],
characterizing minimal families of subspaces using local Riesz bases with a new
proof.

Proposition 4 Let (V;);e; be a family of closed subspaces in H and assume that
(¢ij)jey; is a Riesz basis for V; for every i € 1. Then the following are equivalent.

(i) (Vi)ier is minimal.
(ii) (¢ij)iet,jey; is a minimal sequence in H.

Proof Note that for every subset K C I, span(V;);cx = Span(¢;;)iek,jes;: Indeed,
since the families (¢;;) ey, are local Riesz bases, we can deduce that span(V;);ex C
span(g;j)ick,jes; and span(g;;)ick,jes; S span(V;)ier. Now take the respective
closures.

(ii)=(@) If (V;);e; was not minimal, then there would exist some non-zero g € H
with g € Vi Nn'span(V;);es iz for some k € I. Because (¢ ;);ey, is a Riesz basis
for Vi, we can write g = 3} ¢, ckjpx; for suitable scalars cx ;. Since g # 0, there is
a cym # 0 and we have

Chkm®Pkm € SPAN(Q;})izk,jel; — Z CkjPkj
Jj*Em
C span(g;j)izk, jes; + SPAN(Qk ) j#m

C span(@;j)ier, jet;, (i,j)%(km) -
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This contradicts (ii).

(1)=(i) If (@ij)ier,jes, Was not minimal, then there would exist some non-
zero @y € Span(@;;)ier, jeJ;, (i, j)#(k.0)- Since (@ij)jes; is a minimal sequence in
V; for every i € I, we see that ¢i; € Span(@k;)jes,,j-» Which implies ¢y €
span(gij)ier. jes;.izk = span(Vi)ier izk, a contradiction. O

Now, we are almost ready to characterize those fusion frames, that are fusion
Riesz bases. We only need to prove the following preparatory lemma.

Lemma 11 [63] Let V = (V;,v;)ier be a weighted family of closed subspaces of H
and assume, that for eachi € I, ¢\ = (@ij)jes; is a Parseval frame for V;. Then' V
is a fusion frame for H if and only if vp = (v;@ij)icr,jeJ; is a frame for H. In this
case, Sy = Sy

Proof The first part of the statement follows immediately from Theorem[I0} For the
second part, recall that ¢?) is Parseval if and only if S i) = Iy,. Hence, for every

o)
feH
Svpf = Z Z(f, ViQij Vi
iel jeJ;
2 -1
= Z v; Z (f, <Pij>5¢u>¢ij
iel  jel;
= Z Ul-zﬂ'vif = Svf
iel
and the proof is complete. U

After this preparation we can prove a slight generalization of a result in [81]:

Theorem 16 Let (V;,v;, ¢9)icr be a fusion frame system, and let ¢\ be a Riesz
basis for V;, for every i € I. Then the following are equivalent.

(i) (Vy)ier is minimal in H.

(ii) (V;)ier is a Riesz decomposition for H.
(iii) (V;,v;)ier is a fusion Riesz basis for H.
(iv) (vigij)ier,jes; is a Riesz basis for H.

(v) SV L Vi, forall i, k € I withi # k.
(vi) vl.zﬂka;,lﬂvi =0y, foralli, k € I.

In this case, (S“,lS;}i) Vigij)iel,jes; coincides with the canonical dual frame of
(vigij)jes.icl-

Proof (i)=(ii) Assume that (V;);¢; is not a Riesz decomposition of /. Then there
exists some f € H with f = 3,/ fi = Xics 8i» Where (fi)ier # (gi)ier € (Vi)ier-
So, there exists some k € I with fi # gx € Vi. This implies, that 0 # g — fi =
Yier.izk (fi — &) and hence g — fi € Vi Nspan(V;)ies ik, which means that (V;);e;
is not minimal.



30 Authors Suppressed Due to Excessive Length

(ii)=(iii) By assumption, V is a fusion frame, which, according to Theorem [I3]
means that Dy is bounded and surjective. Since R(Dy |(K‘2/) = R(Dy) = H, we
particularly see that Dy |7(3 is bounded and surjective. Now, if (V;);cs is a Riesz
decomposition, then Dy |7(‘2/ , by definition, is injective as well. By Theorem this
implies that V is a fusion Riesz basis.

(iii))=(i) If V is a fusion Riesz basis, then, by Lemma V= (Vi, 1) isa
fusion Riesz basis as well. By Theorem [I4] its associated synthesis operator Dy
maps ‘K‘Q, boundedly and bijectively onto H. Hence, for every f € H, there exists
a unique sequence (f;)ie; € K2, such that f = Dy (fi)ier = ;e fi- If was not
(Vi)ier is not minimal, then there there would exist such an f so that there exists
another sequence (g;)ier € (Vi)ier satisfying 3 ;c; gi = f. Then, by definition of
Dy, (gi)ier € dom(Dy1) = 7(‘2/ which contradicts the bijectivity of Dy 1.

(iii) = (iv) If (iii) is satisfied, then (v;);¢; is semi-normalized by Lemma[I0] On the
other hand, if (iv) holds, then (v;);¢s is semi-normalized as well: Indeed, similarly to
Lemmal[I0} one can show, that the frame vectors associated to a Riesz basis are semi-
normalized with uniform bounds given by the respective square-roots of the frame
bounds. Therefore (compare with Deﬁnition VA < VA; < llgijll < VB; < VB
(foralli € I, j € J;). At the same time we know that m < ||v;¢;;|| < M for suitable
constants m, M > 0 (for all i € I,j € J;). Thus (v;);c; must be semi-normalized.
Now, observe that (iv) holds if and only if (v;¢;)icr, jcJ; is a minimal sequence. Since
(vi)ier is semi-normalized in either case, the latter is true if and only if (¢;;)icr, jeJ;
is minimal. By Proposition |4} this is true if and only if (V;);¢; is minimal, and by
the equivalence (i) < (iii) this is equivalent to V being a fusion Riesz basis.

(iii)=(v) For every i € I, let (e;;)jcs, be an orthonormal basis for V;. By the
equivalence (iii)e(iv) and Lemma ve = (viejj)iel,jeJ; is a Riesz basis for
H with S, = Sy. By Theorem [7} ve has a unique biorthogonal sequence given
by (S;elviel'j)ig[,je]i = (S‘_/lviel'j)igl’je_]i, which implies S‘_,leij L ey, whenever
(i, 7) # (k,1). This yields S{)Vi L Vi whenever i # k, as desired.

(v)=(vi) For each k € I we have

-1 2 -1 2 -1
my, =y, Sy Sy = Z v; 1y, Sy Ty, = vy, Sy Ty,
iel

(vi)=(v) Let f € V; and g € Vi, where i # k. Then

1
<S\_/lf’ g> = <S;17TVif’7Tng> = 1)_2 <U[27TVkS‘_/17TVif’g> =0.

1
(vi)=(i) By Theorem [7] it suffices to show that the frame (v;¢;;)ier,jes; 1S
biorthogonal to the family (S, S;}i)viga,- i)iel,jes;- By using condition (vi), we see
that
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-1 ¢-1 -1 -1
(vigij, Sy S(p(k)vk‘)okl) = (viny,@ij, Sy TVeS i) VkPkl)
1 2 -1 -1
= 0 Sy mviij S i Vieprt)
L

1 » 1 »
= ;<5ik7TV,-‘Pij7 S‘p(k)vk‘pkl> = v_i<5ik‘;0ijas<p(k) VkPKL)-

1
In case k # i this gives (vigoij,S{,IS;}k) vkor;) = 0 and in case k = i we con-
tinue with (visoij,S{/lS;%k)vksokl) = vlk<§0kj’S;}k)Uk90kl> = (sﬂkj,S;}k)‘PkO =41,
where we used that each local Riesz basis ¢(?) is biorthogonal to its canonical dual
(St @if)jess-
The final statement follows from the proof of (vi)=(i) combined with Theorem

i O
As a consequence we obtain the following.

Corollary 5 IfV = (V;, vi)ier is a fusion Riesz basis such that Sy and my, commute
foralli € I, then (V;);er is an orthonormal fusion basis. In particular, every tight
fusion Riesz basis is an orthonormal fusion basis.

Proof Using condition (vi) from Theorem [I6€] we obtain

Zﬂvi = Zvl'zﬂ%s;/lﬂw = S‘_/ISV ZI(H,

iel iel

which means that (V;, 1);¢; is a Parseval fusion frame. By Theorem this implies
that (V;);¢s is an orthonormal fusion basis. O

The following result shows that implication (iii)=(i) of Theoremﬂ]does not hold
in the fusion frame setting. Only the converse statement remains true for fusion
frames.

Proposition 5 [40] Every fusion Riesz basis is an exact fusion frame. The converse
is not true in general.

Proof Let V = (V;,v;) be a fusion Riesz basis. Then, by Theorem Cy maps
H bijectively onto ‘K‘z,. Fix some arbitrary index k € I and choose some non-zero
g € Vk. Then (...,0,0,2,0,0,...) (g in the k-th component) is an element in ’K‘z,
and thus contained in R(Cy ). Therefore, there is a unique non-zero f € 9 such that
(..,0,0,8,0,0,...) = Cy f = (vinty, f)ier. In particular nry, f = 0 for all i # k.
Hence, if we removed (Vy, vx) from the fusion frame V, we would not be able to
maintain the fusion frame inequalities for f. Since k was chosen arbitrary, this means
that V is exact.

To show that the converse statement is false, consider an orthonormal basis
(e);_, for R, and let E| = span{ey, es}, E; = span{ez, e3} and w; = wy = 1. It is
immediate that this is an exact fusion frame and since E| N E, # 0, it is not a Riesz
decomposition and hence (TheoremI6)) not a fusion Riesz basis. Alternatively, note
that the global frame (e, €5, €3, €3) is not a Riesz basis. O
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5 Fusion frames and operators

In this section, we consider subspaces under the action of operators and their spanning
properties. Here we will encounter more results, which show the contrast between
frames and fusion frames, such as Proposition@

We start with the following preliminary results, which directly popped up at the
first discussion of the duality of fusion frames and the related observation that Ty
is in general not a projection.

Lemma 12 [42]] Let V be a closed subspace of H and T € B(H). Then
ayT" = ny T ngy (25)

Proof First note that g € (TV)* = (TV)™* if and only if T*g € V*. Therefore, for all
f € H, we see that

ﬂvT*f = ﬂvT*ﬂ'ﬁf +7rvT*7T(TV)J.f = ﬂvT*ﬂWf.

Lemma 13 Let U € B(H) and (¢i)icr € H be a countable family of vectors
in H. Then Uspan(y;)ie; C span(Ug;)ier. If U is additionally bijective, then
Uspan(eg;)ier = span(Ug;)ier.

Proof Letg =Uf € Uspan(y;);cs for f € span(¢;);es. Then there exists a sequence
(fn)y-, S span(g;)ies such that |[f — fu]| — 0 as n — co. This implies that
(Ufn)y, € span(Ug;)ier convergesto U f = gin H, since [|Uf -Uf,ll < Ul f -
full — O as n — oo. Thus g € span(U¢;)ies -

For the second part, assume that g € span(U;);<s. Then there exists a sequence
(&n)pey = (Ufn);, S span(Ug;)ier, such that ||g = Ufyl| — 0 as n — oo. In
particular, we have (f,),, € span(¢;);c;. Moreover, since U is surjective, there
exists some f € H with U f = g. By using the invertibility of U, this implies that f €
span(g;)ier, because || f = full = [UT'Uf ~UULull < IWUTNIUS = Ufull — 0
asn —oo. Thusg=Uf € Uspﬁ(goi)iel. O

In case U € B(H) is not bijective, then the reverse inclusion in Lemma|[T3]is not
true in general:

Example

Let H = *(N) and ¢; = (6in - 1/Vn)pen € €2(N) for i € N. The operator
U : (?(N) — (*(N), defined by U(a,)nen = (an - 1/vn)nen, is bounded on
£2(N) with ||U|| = 1 and we have Ugp; = (6;, - 1/n),eni. Observe that (1/n),en =
Yien Up; € span(Ug;);en. However, (1/n), ey is not contained in Uspan(y;);en-
Indeed, by component-wise definition of U, the only possible sequence, which could
be mapped onto (1/n),ey by U, is (1/4/n),en. But since (1/yn)pen € €2(N), we
particularly have that (1/+/n),en ¢ Span(¢;);en. Note that the above demonstrates,
that U is not surjective.
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From Lemma[I3] we can also easily deduce the following two results.

Corollary 6 Let (¢;)ie; € H and U € B(H).

() If (Ugi)ier is minimal and U is injective, then (¢;)icy is minimal. In case U is
bijective, the converse is true as well.

(ii) If (¢;)ier is a complete sequence and U has dense range, then (Uy;)icy is a
complete sequence. In case U is bijective, the converse is also valid.

Proof (i) Assume (Uy;);<r is a minimal sequence and that (¢;);¢; is not minimal.
Then there is some m € I such that ¢, € span(y;);es.izm- Since U is injective, we
have Ug,,, # 0 and by Lemma U € Uspan(;)ier izm S Span(Ue;)ier izm» @
contradiction. The second statement is shown similarly.

(i) Since (¢;)ie; is complete, we see by using Lemma that U(H) =
Uspan(g;)ier C span(Ug;)ier. Thus H = U(H) C span(Ug;);c;. Analogously,
the second statement is shown by repeating the above argument with U~! instead of
U. O

Corollary 7 Let V be a closed subspace of H and let U € B(H) be bijective. Then
UV is a closed subspace of H.

After these preparatory results, we can show that the fusion frame property is
invariant under the action of a bounded invertible operator. More precisely:

Theorem 17 [42]] Let V = (V;,v;)icr be a fusion frame for H with fusion frame
bounds Ay < By, and let U € B(H) be invertible. Then UV = (UV;,v;)icy is a fu-
sion frame for H with fusion frame bounds Ay ||U’l ||_2 U2 and By ||U’1 ||2 \Ul?,
and its associated fusion frame operator Sy satisfies

Uusyu*

<Syv < U PUSyU*.
U2

Proof By Corollary [7| each subspace UV; is closed. Let f € H be arbitrary. Then
by (25)), we have

Suvf )= il
iel
= 32 v Uy Ay U
iel
<[u I Y o s
iel

= v (usvy* 1, f>.

|2

|2

By Lemma(I2] we see that



34 Authors Suppressed Due to Excessive Length

f.f)= “UHQZ oIy, U f1?

i€l

>l Ut oy, 1P

i€l

< Y vlxov fIP = Suv f. ).

iel

<USVU
1ol

|IU||2

Thus
USyU®

i

Moreover, observe that || f|| < ||U™||||U* f|| for all f € H. Piecing all observations
together, we obtain

<Syv < U PUSyU".

1 2 * 2
—_— <A U
VigTeqope ||U||2 Il
1
TSRS
<(Suvvf. )
< oI (usvur s, ) < By U7 IO
for all f € H, as desired. O

From the above, we immediately obtain the following results:

Corollary 8 [55] Let V = (V;, v;);ie1 be a weighted family of closed subspaces in H
and let U € B(H) be invertible. Then the following are equivalent:

(i) V is a fusion frame for H.
(ii) UV = (UV;, v;)ier is a fusion frame for H.

Corollary 9 [155)] Let (Vi, v;)ier be a fusion frame for H with fusion frame bounds
Ay < By. Then S_IV = (S_lVl-, vi)ier is a fusion frame for H with fusion frame
bounds A%,/B2 < B3 /A2

Proof Substituting Sy for U in Theorem |17 yields that (Sy'V;, v;)ies is a fusion
frame with bounds Ay ||Sy [|72]IS3! |72 and By [|Sy [I?[|S;'||>. Combining this with
the respective operator norm estimates from (I0) gives the claimed fusion frame
bounds. U

For unitary operators U € 8(H), Theorem [I7]implies the following.

Corollary 10 Let V be a fusion frame for H and U € B(H) be unitary. Then UV
is a fusion frame with the same fusion frame bounds and its associated fusion frame
operator is given by Syy = USy U".
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We also note that fusion Riesz bases are invariant under the action of a bounded
invertible operator. In other words, Corollary [T|(iii) remains valid in the fusion frame
setting.

Theorem 18 Let V = (V;, v;);e; be a weighted family of closed subspaces in H and
let U € B(H) be invertible. The following are equivalent.

(i) V is a fusion Riesz basis for H.
(ii) UV = (UV;,v;)ie is a fusion Riesz basis for H.

Proof (i)=(ii) Theorem[I7]implies that UV is a fusion frame. Hence, according to
Theorem it suffices to show that (UV;);<; is minimal. To this end, assume that
(¢ij)jes; be a Riesz basis for V; for every i € I. Since V is a fusion Riesz basis,
Theoremimplies that V is a minimal fusion frame. By Proposition (@ijliel,jes;
is a minimal sequence in #, and by Corollary@ (Ugij)ier,jes; is minimal as well.
Since U is invertible, it is also easy to see that (Uy; ;) ey, is a Riesz basis for UV;
for every i € I. Thus UV is minimal by Proposition 4]

(i)=(ii) If UV is a fusion Riesz basis, then sois V = U~ UV by the above. [

In view of Corollary|[T|(ii), it seems only natural to investigate fusion frames under
the action of a bounded surjective operator next. At first glance one would guess, that
if V = (V;,v;)ies is a fusion frame and U € B(H) surjective, then UV = (UV;, v;)ier
is a fusion frame for H, since the corresponding result for frames is true as well.
However, such a result cannot be achieved with fusion frames in full generality.
Indeed, for a surjective operator U € B(H), UV; is not even a closed subspace in
general. Even if we want to prove the corresponding result for the closed subspaces
U_Vl-, we need to make an additional assumption, because otherwise the statement is
not valid (see below).

Proposition 6 Let V = (V;, v;);¢r be a fusion frame for H with fusion frame bounds

Ay < By, and let U € B(H) be surjective with the additional property that

U*UV; C V; for alli € 1. Then (UV;,v;)ier is a fusion frame with fusion frame
-2 _ 2

bounds Ay ||UT||”" lUII7% < By ||UT| U1

Proof Let (e;;);cs; be an orthonormal basis for V; for every i € 1. Then, by Theorem

(vieij)ier,jes; is a frame for H with frame bounds Ay and By . By Theorem [8]
(viUe;j)ier, jey, is a frame for H as well and one can compute [44, Corollary 5.3.2]

that Ay ||U TH_Z and By ||U||* are frame bounds for it. Now, let i € I be arbitrary and
choose U f; € UV;. Then

2
AP _ e _llwy v v’
(el /— ol

< |U*UfI?*.

Since U*UV; C V;, we may continue with

WU UAIP = Y (U Ufisei)] = D (U S Ve[

JeJi Jedi
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On the other hand, clearly ||U"‘Uf,-||2 < ||u|? ||Uﬁ-||2. All together, this means
that Ue) := (U e;j)jeJ; satisfies the frame inequalities for all elements from UV;.
Finally, by using a density argument [43, Lemma 5.1.7], we can conclude that
the families Ue?) are frames for their respective closed subspaces UV; with com-
mon frame bounds ||UT||7% and ||U||>. Hence, employing Theorem [10} yields that
(UV;,v;) is a fusion frame for H with fusion frame bounds Ay ||UT||_ lU]|7% and

By |Uf|F w1, 0

The following example demonstrates, that even if we consider an orthonormal
fusion basis (E;);c; and apply a bounded surjective operator U € 8(H) on each E;,
then, different to the Hilbert frame setting - Theorem [8land Corollary [T]- we don’t
necessarily obtain that (UE;, v;);cs is a fusion frame, no matter which family of
weights (v;);e; we choose. This is another observation that separates the properties
of frames from the properties of fusion frames.

Example [80]

Let (e,,)nen be an orthonormal basis for some infinite-dimensional Hilbert space H
and define Ej := span{ep_1, eax } for every k € N. Then (Ey ) e is an orthonormal
fusion basis.

Next, consider the linear operator U : Hy — H defined by

n+l . .
272 e ifnisodd
Ue, = . . P
enyy if n is even

where, Hy := {f € H : f = Z,ex (f:en)en, K| < 0o}. We show that U is bounded
on Hy. For arbitrary g = 3,,cx (g, en)en € Hy we have

Ug = Z (g,en)Uey

nek
_n+l
= Z (g,en)Z 2 e+ Z <g,€n>€%+1
nek nek
n odd n even

and thus
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2
”Ug“2= Z(g,en>2_%lel + Z ||<g,en>e§+]”2
nek nek
n odd n even
2
<| D Kgeml2 5 | + > Kgenl
nek nek
n odd n even
< (Z |<g,en>|2) (Z 2*'“”) + ) g en)l?
nek nek nek
< 3.

Since Hj is a dense subspace of H, there exists a unique extension of U (again
denoted by U) to a bounded operator on H. To see that U is surjective, let f € H
be arbitrary. Then, by definition of U,

f= i(fv en>en
n=1

= (f,2Ue1)2Uer + ) (f,Uer2)Uern 2
n=2

= U(4<U*f, ep)er + i(U*f, 6’2n—2>€2n—2)-
n=2

Now, set Vi := UEy = span{ej,ex+} for k € N. Towards a contradiction,
suppose that there exists a family (v)ren of weights, such that (Vi, vg)gen is a
fusion frame for H with fusion frame bounds A, < B,. Then, by applying the
corresponding fusion frame inequalities to f = e, we obtain A, < > ;e vi < By,
i.e (vx)ren € €2(N). On the other hand, for f = ex+1, we obtain

2 2 2 2
Ao = Aollerall® < Y oflaveral? =v;  (Yk ),
leN

which violates vy — 0 (as k — ©0), a contradiction.

YyWre) _ Ak
e, T = 27% — 0 (as

k — o), where y(A) denotes the minimum modulus of a bounded operator A €
B(H,, H,), defined by y(A) = inf {|[Af|.If]l = 1, f € N(A)*} [80]. Operator
theoretic notions such as the minimum modulus can be used in order to derive
conditions, such that statements in the flavour of Proposition [6|(and analogous ones
for fusion frame sequences) can be proven to be true [80].

The reason for the failure in the above example, is that
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The converse of the above example is true in the following sense. Below, we
show that every fusion frame V = (V;, v;);c; contains the image of an orthonormal
fusion basis (E;);c; under a bounded surjective operator U € B(H ), meaning that
V; 2 UE; for all i € I. Note, that if V corresponds to a frame (¢;);¢s, i.e. each
V; = span{g;} is 1-dimensional, then trivially V; = UE; by Theorem [8| since we
exclude the case V; = {0} by default. In that sense, the next result is indeed a
generalization of the necessity-part of Theorem 8] (b). Note that in case V is a fusion
Riesz basis, we have indeed V; = UE; for all i € I, where U € B(H) is bijective,
see Proposition 8]

Proposition 7 Let V = (V;, v;)icr be a fusion frame for H. Then V; 2 UE; for all
i € I, where (E;);c; is an orthonormal fusion basis and U € B(H) is surjective.

Proof Suppose that (e;;) ey, is an orthonormal basis for V; for every i € 1. Hence,
according to Theorem (vieij)ier,jey; is a frame for H. By Theorem [§] there
exists a surjective operator U € B(H) and an orthonormal basis (¢;;)ier,jey,
for H, such that vie;; = Uy;; for all i € I,j € J;. Set E; = span(yij) ey,
for every i € I. Then (E;);c; is an orthonormal fusion basis for H and we have
UE; = Uspan(¥;;)jes; S Span(Uyj) e, = Span(v;e;;)jes, = V; for every i € I, by
Lemmal[I3] O

Proposition 8 Let V = (V;,v;);e; be a fusion Riesz basis for H. Then (V;)ie =
(UE;);er, where (E;)ieq is an orthonormal fusion basis and U € B(H) is bijective.

Proof Suppose that (e;;);ey, is an orthonormal basis for V; for every i € I. By
Theorem (vieij)ier, jey; is a Riesz basis for H. Hence, by Theorem(c), there
exists a bijective operator U € B(H) and an orthonormal basis (¢;;)ier,jes, for
H, such that viejj = Ulﬂij foralli € I,j € J;. Set E; = m(¢ij)j€ji for
every i € I. Then (E;);c; is an orthonormal fusion basis for H and we have
UE; = Uspan(yj) jes;, = span(Uij) jey; = span(v;e;j)jey, = Vi for every i € I, by
Lemmal[l3] O

We conclude this section with another major difference between properties of
frames and properties of fusion frames. Recall that if (¢;);c; is a frame with frame
operator S, then the family (S;l/ 290i)i€ 1 is always a Parseval frame [43]. In the
fusion frame setting, the situation is very different. Below, we give an example of a
fusion frame V = (V;, v;);¢1, so that for any arbitrary bounded and invertible operator
U € B(H), UV = (UV;,w;)ie; is never a Parseval fusion frame, no matter which
family (w;);e; of weights we choose:

Example [80]

Let H = C* and (ei);‘:l be an orthonormal basis for C*. Consider the fusion
frame (V;, 1)1.3:1 for C*, where V| = span{ej,es}, Vo = span{e;,e3} and V3 =
span{e,}. We claim that for any invertible matrix U € C*** and any choice (w,~)l.3= |
of weights, (UV;, w;);er is never a Parseval fusion frame for C*. Indeed, let g1 =
|\Uei||"'Uey, g4 = ||Ues|| ' Uey and choose g, and g3 in such a way that (gy, g2) is
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an orthonormal basis for UV} and (g, g3) is an orthonormal basis for UV;. Suppose
that (UV;,w;);e; was a Parseval fusion frame. Then its associated global frame
wg = (w1g1, w281, w182, W2g3, w3gs) would be a Parseval frame by Corollary [2| Let
Dy, € C* be its associated synthesis matrix, i.e. the matrix consisting of the frame
elements of wg as column vectors. Further, let H € C**bea unitary matrix whose
first row is given by g; and denote the other rows by h», h3, he. Then

w1 w2 Vv

H'Dwg:[o 0 A

for some v = (0,0,z) € C* and A € C3 given by

(ha, w182) (o, wog3) (ho, w3ga)
A = |(h3, wi182) (h3,wrg3) (h3,w3g4)] .
(ha,w182) (ha,wag3) (ha, w3ga)

Since HD g (HD )" = HD Dy, H* = HSygH* = HH* = Ics, we must have
1= w% + w% +]z|? and A must be unitary. But this is impossible because the first two
columns of A have norms [|w; g2 || = w and |lwzg3l| = wo, while 1 = w} + w} + |z]%.

In particular, the above example demonstrates that for some fusion frames
(Vi,vi)ier, the fusion frame (S;,l/zVi, w;)iey cannot be Parseval for any choice of
weights (w;);e;-

We can - though - formulate a particular positive result:

Proposition 9 Let V = (V;, v;)ier be a fusion Riesz basis for H. Then (S;,l/zVi)iel
is an orthonormal fusion basis for H.

Proof Assume that (e;;) ey, is an orthonormal basis for V; for eachi € I. According
to Theoremand Lemmallll (v;e;;)jey; icr is a Riesz basis for H with the frame

operator Sy . Therefore (v; S ‘_,1 2el~ i) jed;. iel is an orthonormal basis for 4. Combined
with the fact that (viS;,l/ zei 7)jes; is an orthonormal basis of S‘_,l/ 2V,~ foreachi € I,

we see that (S ;,l/ 2V,-)l-e 7 is an orthonormal fusion basis for . O

6 Duality in fusion frame theory

In this section we present the duality theory for fusion frames. The difference between
frames and fusion frames becomes more evident in duality theory. Hence we decided
to first show the origin of the concept of dual fusion frames. We then present the
duality theory for fusion frames following [39, I57]]. We also adapt results of [S8]],
where the concept is analyzed in the more general setting of oblique duality. We study
properties and provide examples of this concept. Finally, we will discuss particular
cases and other approaches for a dual fusion frame concept.
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Recall, that in frame theory each f € H is represented by the collection of scalar
coefficients (f, ¢;), i € I, that can be thought as a measure of the projection of f
onto each frame vector. From these coefficients f can be stably recovered using a
reconstruction formula via dual frames as in @), i.€.

DUfudei =D (foei=f  (Vf € H).

iel iel
In operator notation, this reads
D,Cy =DyC, = Iygy. (26)

As already mentioned in Section [2.1] a redundant frame has infinitely many dual
frames, which makes frames so desirable for countless applications. Taking this
into account, our aim is to have a notion of a dual fusion frame as we have it in
classical frame theory, and that furthermore leads to analogous results. Since the
duality condition can be expressed in the two forms (3 and (26), it is natural to try
to generalize these expressions to the context of fusion frames in order to obtain a
definition of dual fusion frame.

The concept that satisfies the properties which are desirable for a dual fusion
frame came up and was studied in [59}157]], considering as coefficient space ‘K‘z, The
reasoning there was the following:

Let V = (V;,v;)ies be a fusion frame. Since S‘_,ISV = I, we have the following
reconstruction formula

F= s (YfeH), @7)

iel

which is analogous to (@). The family (S;,1 Vi, v;)ier 1s a fusion frame (see Corollary
[0) which in [40] Definition 3.19] is called the dual fusion frame of V, and is similar
to the canonical dual frame in the classical frame theory. As it is pointed out in [41}
Chapter 13], - in contrast to (5) for frames - does not lead automatically to a
dual fusion frame concept.

So, instead of trying to generalize (5), we can try with (26). But in this case we find
the following obstacle. Given two fusion frames V = (V;, v;);e; and W = (W;, w;);er
for H, with (V;);e; # (W;);er, the corresponding synthesis operators Dy and Dy
have different domains if defined - as in the original papers - on the respective
subspaces ‘K‘z, and 7(‘24, of 7(3{ Therefore the composition of Dy with Cy is not
possible. In [S9] (see also [S7]), to overcome this domain issue, Q : 7(‘2, — 7(5‘, is
inserted between Dy and Cy :

DwQCy
giving origin to the commonly named Q-dual fusion frames. The philosophy then
was to require additional conditions on Q, in order to obtain the different desired
properties for dual fusion frames, similar to those which exist for dual frames. This
is why first a general Q is used, asking only for boundedness of Q, getting with this
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minimal restriction characterizations analogous to those that exist for dual frames
(see Section[6.1)).

In order to have computationally convenient reconstruction formulae, the block-
diagonal dual fusion frames were introduced in [S7] (see also [58]). Dual fusion
frame systems [57), 58], which are a useful tool for local processing tasks, turned
out to be block-diagonal too. Studying the relation between dual fusion frames
and the bounded left-inverses of the analysis operator, a particular class of block-
diagonal dual fusion frames, called component preserving dual fusion frames aroused
[58,159157]]. They can be obtained from the left inverse of the analysis operator and
hence are easy to construct. These are of particular importance, since the canonical
dual fusion frame is of this type. Moreover, they are crucial in the applications, since
they are optimal in the presence of erasures [57, 72] (see Section[6.2).

If one considers ‘Kg{ as coefficient space — as we have done in this survey
so far — there is no domain problem in the composition of Dy with Cy and
hence there is in principle no need to include an operator Q between them. In
this case, the first idea, which probably comes to mind when searching for a
dual fusion frame definition, is generalizing the duality concept directly from
(26). However, this approach does not lead to a completely satisfactory notion
of duality (see Section [6.9), showing that inserting an operator Q different
from the identity between Dy and Cy cannot be avoided.

6.1 O-dual fusion frames

As mentioned at the beginning of this section, we are going to present the duality
theory for fusion frames developed in [59, 157, 58]]. But this will be done considering
the space ‘K(i{ as domain of the synthesis operator, as it was done so far in this survey,
instead of considering (K%, as in those articles.

The definition that overcame the initial domain problem and extends the notion of
canonical dual fusion frame introduced in [40] (see subsection@ is the following:

Definition 5 [59] Let V = (V;,v;)ie; and W = (W;, w;);¢; be fusion frames for H.
We say that W is a dual fusion frame of V if there exists Q € 8 (7(%{) such that

DwQCy = Iy. (28)

The operator Q is actually important in the definition. If we need to do an explicit
reference to it we say that W is a Q-dual fusion frame of V. Note that if W is a
Q-dual fusion frame of V, then V is a Q*-dual fusion frame of W. As we will see
in Lemma T4} Bessel fusion sequences V and W that satisfy (28), are automatically
fusion frames.
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Remark 4 As we mentioned, one reason to introduce first a general class of dual
fusion frames as in Definition [5] requiring only boundedness of the operator Q, is
to ask for the minimal conditions needed to obtain the different desired properties
for dual fusion frames. In particular, for this general class we have the following
lemma, which generalizes the basic properties that are valid for dual frames. It gives
equivalent conditions for two Bessel fusion sequences to be dual fusion frames.

Lemma 14 [59] Let V = (V;,v;)ic; and W = (W;, w;);<; be Bessel fusion sequences
Jor H, and let Q € B(‘K,il). Then the following statements are equivalent:

(i) I3y = Dw QCy .

(ii) I3¢ = Dy Q" Cw .
(iii) (f,8) =(Q"Cw f,Cvg) forall f,g € H.
(iv) (f.8) =(QCv f,Cwg) forall f,g € H.

(v) Cy is injective, Dw Q is surjective and (CyDwQ)* = CyDwO.
(vi) Cw is injective, Dy Q* is surjective and (Cy Dy Q*)* = Cyw Dy Q*.

In case any of these equivalent conditions are satisfied, V and W are fusion frames
Jor H, Wis a Q-dual fusion frame of V and V is a Q*-dual fusion frame of W.

Proof First, note that according to Theorem@ Dw and Cy are bounded.
(i) (ii) This follows from taking adjoints.
(iii)(ii) If (iii) is satisfied, then for each f € H we obtain

(In-DvQ°Cw)f.g)=0 (Vg eH),

hence (I¢y — Dy Q*Cw ) f = 0 and (ii) follows. The converse is clear.

(iv)e(i) This as shown analogously to (iii) & (ii).

(1)=(v) By (i), Cy is injective, Dw Q is surjective and

(CvDwQ)? = Cy (DwQCy) DwQ = Cy Dw Q.
(V)=(@) If (Cy Dw Q)* = Cy Dw Q, then
K3 = N(CyDwQ) & R(Cy Dw Q).

Since Cy is injective we have N(Cy Dw Q) = N(Dw Q) and so

K3 = N(Dw Q) ® R(Cy Dw Q).

This implies H = {Dw Q(fi)ier : (fi)ier € R(CyDwQ)}. Now, let f € H with
f=DwQ(f)ier for some (f;)icr € R(Cy Dw Q). Then

DwQCv f=DwQCvDwQ(fi)ier = DwO(fi)ier = f.
(il)&(vi) is proved analogously.

Finally, if (i)-(vi) are satisfied, then R(Dy) = H = R(Dw ), hence both V and
W are fusion frames by Theorem [[3] O
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Remark 5 Two fusion frames V and W for H are always RL-dual fusion frames
for any L, being a left-inverse of Cy, and R a right-inverse of Dy (compare with
LemmalT7). This shows that we can always do the analysis with one of them and the
synthesis with the other. But this happens in the general framework of Definition [3]
where we do not impose any additional condition on Q.

Remark 6 Duality of fusion frames was studied viewing them as projective recon-
struction systems [67} 168} [70, [71]. But projective reconstruction systems are not
closed under duality, more precisely, there exist projective reconstruction systems
with non projective canonical dual or without any projective dual [68]. As we will
see these problems are not present if we use Q-dual fusion frames. For a more detail
discussion of dual projective reconstruction systems in relation with Q-dual fusion
frames we refer the reader to [57]].

6.2 Block-diagonal and component preserving Q-dual fusion frames

We will now present two special types of Q-dual fusion frames that make the
reconstruction formula that follows from (28) simpler (compare to Subsection [3.1).

Definition 6 [57]] Let V = (V;,v;)ie; and W = (W;, w;);c; be fusion frames for
H. If in Definition [5| Q is block-diagonal we say that W is a block-diagonal dual
fusion frame of V. In case Q is B(%K? ,W‘a,)-component preserving (meaning that
OM; (7(‘2,) =M; (7(%,)), we say that W is a component preserving dual fusion frame
of V.

Note that in l) itis sufficient to know how Q maps R(Cy ) C 7(‘2, toN(Dw)*+ C
K2,.
w

Remark 7 Another motivation for introducing the notion of duality as in Definition 3]
is to obtain flexibility, therefore asking for restrictions only when needed. The gen-
eral framework provided by Definition [5] allows to adjust to the problem at hand.
This is another reason to start with the most general class and then naturally arise
the particular classes with which we work here: block-diagonal and component pre-
serving dual fusion frames. As we will see in Lemma[I9] Q is component preserving
for dual fusion frames obtained from the bounded left inverses of Cy . Also, Q is
block-diagonal for dual fusion frame systems (see Definition [7)).

By definition of block-diagonal operators (see Section [3.1), we immediately see
the following:

Lemma 15 [58] Let V = (V;,v;)icr be a fusion frame. A fusion frame W =
(Wi, w;)ier is a block-diagonal dual fusion frame with respect to €, .; Q; € 8(7(;[)
if and only if

D vwimw, Qiry, = In. (29)

iel
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Note that (W;, w;);¢; is a block-diagonal dual fusion frame of V = (V;, v;);¢; with
respect to @ie ; Qi if and only if (W;, c;w;);es is a block-diagonal dual fusion frame
of V with respect to B, (CliQ,-), as long as (c;);er is semi-normalized. Both dual
fusion frames lead to the same reconstruction formula. This freedom for the weights is
desirable because we can select those (w;); ¢y such that the pair (W, w;); ¢y is the most
suitable to treat simultaneously another problem not related to the reconstruction
formula. Regarding , we could think of the terms w;v;||7w, Q;7y, || as a measure
of the importance of the pair of subspaces V; and W; for the reconstruction.

In the following sections we show that there is a close relation of dual fusion
frame systems with dual frames, a fact that supports the idea that Definition [7]is the
proper definition of dual fusion frame systems. Consequently, this close relation also
reveals that the inclusion of a “Q” in a definition of duality for fusion frames as in
Definition [3is natural.

6.3 Dual fusion frame systems

With the aim of allowing local processing in the setting described before, we define
and study in this section the concept of dual fusion frame systems, see Definition
[] In order to do that, we will consider the following operator, which we introduced
in [57]], and which establishes the connection between the synthesis operator of a
fusion frame system and the synthesis operator of its associated frame.

Let (V;,v;, go(i))iel be a Bessel fusion system (see Definition . Then, by
Lemma ﬁ PB.c; D, is a bounded operator with || P.c; Dol < vVB. More-
over, each component D o)
SUp;¢; ||C¢(,~)S;:i) || < VB/A, the block-diagonal operator P, DL(
as well. In particular, for every (f;)ier € K%, we see that (DL(,-)fi)ieI S

(Zicr ®%(J))) ;20 hence (f))ier = (D(p(i)DL(i)ﬁ)ieI = Do D(p(i)(DLg)ﬁ)iEI’

is surjective onto V;, and since it holds sup; ., ||Dl(l.) | =

; is bounded

which implies that R(€D;; D ) = K. The adjoint of B, ; D, is given by
D cs Cp and satisfies
All(gi)ierll < “ @CW) (gier|| < Bll(@ierll  (Y(gi)ier € Ky).

iel

Assume that for each i € 1, ;(T) is a dual frame of ¢* with upper frame bound B;,
such that sup; .; B; < co. Then, as above, P, ; C;,TT) is bounded and

PoyoCm =P (30)

iel iel
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If we identify (X;¢; 6952(],-)) 2 with the domain of D,,, where vy — as usual —
denotes the global family (v;¢;;)ier,jes;, then we see that

Dy, =Dy @ D @ and, by adjointing, Cpp = (@ C<p<t))cv, (3D
iel iel

see also [63]]. Moreover, by multiplying the left identity of (3I) with the operator
P, C o from the right, we obtain

Dy =Dy P C and, by adointing, Cv = (DD 5)Copr  (32)
iel iel

see also [63] for more details on operator identities for Bessel fusion systems.
The latter observations motivate the following definition.

Definition 7 [57]] The fusion frame system (W;, w;, l,l’(i))iel is a dual fusion frame
system of the fusion frame system (V;, v;, ©D)ier if (Wy, wy)ier isa b D,wC
dual fusion frame of (V;, v;);ey.

iel p®"

By (30), having a pair of dual fusion frame systems means that the global families
(witij)ier,jes; and (v;@;ij)ier,jes; form a dual frame pair. Note that ((K‘Z,)l c
N(B;e; Dy Cpi). In case P, Dy Cyii in Definition [7| is B(K%, Ks,)-
component preserving, then we call (W;, w;, ' D)icr a component preserving dual
fusion frame system of (V;, v;, 0 D);er.

6.4 Relation between block-diagonal dual frames, dual fusion frame
systems and dual frames

In view of Definition [7] we see that each dual fusion frame system can be linked to
a block-diagonal dual fusion frame. Conversely, under certain assumptions, we can
also associate to a block-diagonal dual fusion frame pair a dual fusion frame system
pair. In order to see this we need Corollary [[T|which follows from the lemma below.

Lemma 16 /58] If A € B(H, K) with closed range, then there exists a frame ¢ for
H and a frame  for K with the same index set and A = D ,C,. In particular, ¢ and
W can be chosen in such a way that ¢ has frame bounds 1 and 2, and  has frame
bounds min {1, ||AT||’2} and max {1, ||A||2} respectively.

Proof Let ¢ be any frame for H and ¢ be any dual frame of ¢. By [45] Proposition
5.3.1], Ag is a frame for R(A) with the same index set. We also have A = D 45C.,.
In particular, if ¢ is a Parseval frame for H and ¢ = ¢ is the canonical dual frame of
¢, then ¢ has frame bound 1 and A has frame bounds ||AT|| ™2 and ||A||?. In case
R(A) = K, the statement follows immediately. In case R(A) # K, we will extend
the families ¢ and A¢ in a suitable way, so that the statement follows.
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To this end, assume that R(A) # K. Let y = (¥;);es be any frame for R(A)*. If
we consider the family = (i);cs, where i; = 0 for all i, then it holds DyCyz=0.

On the other hand, we can construct ¢ with not all of its elements being equal to
zero so that D,Cy = 0. For this, we consider a frame ¢ = () jes for R(A)* that

is not a basis. Let ¢ = (¢,n)mem be an orthonormal basis for N(D,) C £2(J) where
M=NorM = {1,...,M}. Let e = (e;);cr be an orthonormal basis for H where
L=NorL={l,...,L}.Let]  MNLwith |I| < co and define ¢; = ¥,,¢; c;(j)e;
for each j € J. In other words, ¢ ; = D,C.6;, where (6,) ;<7 is the standard basis of
£2. By the injectivity of the involved operators not all vectors lz j are equal to 0. By
the Cauchy-Schwarz inequality we see that

Surint= Y |r Y ama) = ¥ | Seiisef
jeJ jeJ lel JjeJ lel
< P Y K e < 37 e PIAR = WifI.

JjeJ lel lel lel jeJ

Therefore, ¥ = (¢ j)jes is a Bessel sequence with Bessel bound [I|. Note that if
d e ?(J)and f € H, then

Dgd. ) =Y dG) Y e f)

jeJ lel
= 22 dG) Y @l ) = (d. Y (f.eer).
jeJ lel lel

Hence C«Zf = Y alfsencand DlpCl;f =ualf.enyDyc; =0sincec; € N(Dy)
for each [ € 1. Finally, (¢, ) is a frame for H, (A@,¢) one for K, |(¢,¢)| =
|(A@.¥)] and A = D (45,4)C 4 j)-

In particular, if we choose ¢ and i to be Parseval, & = ¢ and |I| = 1, then (¢, )

is a frame with frame bounds 1 and 2, and (A, ) is a frame with frame bounds
min {1, ||AT||_2} and max {1, ||A||2}, respectively. O

Corollary 11 /58] Let (V;)ic; and (W;);cr be two families of closed subspaces in
H and assume that Q = P,.; Qi € 8(7(31) with N(Q;) = Vi, R(Qi) = W;
for each i € I and inf;¢y ||Q:f||_1 > 0. Then, for each i € I, there exists a frame
<p(i) for Vi with frame bounds A;, B;, satisfying 0 < inf;efA; < sup;¢;B; < oo,
and a frame w9 for Wi with equal index set and frame bounds A, B;, satisfying

0 <inf;e; A; < sup;e;Bi < oo, such that Q = Py Dy Cyii-

Proof Assume that Q = P, Qi € 8(7(5{) with N(Q;) = V&, R(Qi) = W;
for each i € I and inf;¢; ||Q:.r||_2 > 0. Recall, that by Lemma |8 we also have

sup; ¢z |1Qill < co. By applying Lemma for each i € I there exists a frame ¢¥) for
V; with frame bounds A; = Land B; =2 and a frame ,l,(i) for W; with frame bounds
A; = min {1, [10] [} and B; = max {1, |Q:[I?} such that Qilv, = (D Cy)lv;-
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In particular, we have QO = @;.; D Cyi»

infie; A; > min {1, inf;¢; ||Qj||‘2} > 0 and sup;¢; B; < max {1,sup;; I0:]l} <
00,

as well asinf;e; A; = 1, sup;¢; Bi =2,

After these preparations, we are able to prove an important relation between
block-diagonal dual fusion frames and dual fusion frame systems.

Theorem 19 [58)] LetV = (V;, v;)icr be afusion frame for H and let W = (W;, w;)ier
bea P, ; Qi-dual fusion frame of V, where N (Q;) = V-, R(Q;) = W; foreachi € I
and inf;¢j ||Q:.f||_1 > 0. Then there exist local frames ¢ for V; and ' for W; (for

alli € I) such that (V;, v;, w(i))id is a fusion frame system in H and (W;, w;, )i er
is a dual fusion frame system of (Vi, vi, ' D)ier. In this case Q = P.c; Dy Cyi.

Proof Combining Definition[5] Corollary [TT|and Definition[7]yields the claim. [

The following theorem establishes the connection between dual fusion frame
system pairs and and dual frame pairs.

Theorem 20 /58] Let (Vi,vi, ¢)ier and (Wi, wi, ' D)icr be two Bessel fusion
systems for H, where ¢\ = (¢ij)jes; and v D = (Wit)kek, for i € I, and let
v = (Vi@ijiel,jer; and wy = (Wi )icr kek, be their respective associated global
SJamilies. If |K;| = |J;| for all i € I, then the following are equivalent:

(i) vp and wy is a dual frame pair for H.
(it) (Vi v, 0 D)icr and (Wi, wi, D) e is a dual fusion frame system pair for H.

Proof This follows from Theorem[I0] Lemma|[I4] [45, Lemma 6.3.2], and the oper-
ator identity D, Cypy = Dw (EBI.E] Dl/,mC(p(i))CV which is deduced immediately

from (BT). O

6.5 Dual families

In this subsection we consider dual fusion frame families. In resemblance to dual
frames, we will see that component preserving dual fusion frames are related to
the bounded left inverses of the analysis operator. We begin with the following
preparatory result.

Lemma 17 Let V be a fusion frame for H. Then
(i) [59] The set Br(Cy) of all bounded left-inverses of Cy is given by

[s/Dv + Lz - CvsyDy)| L € B(3G,. 7).
(ii) The set Br(Dyv ) of all bounded right-inverses of Dy is given by

[evsy' + (T, - Cv Sy DVIR| R e B(H, %G}
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Proof (i) For any L € B(K2,,H) we have
|S9'Dv + L(Txe, - Cv Sy Dy) [Cv = I+ LCy — LCy = Iy
Conversely, assume that A € B, (Cy ). Then
A=5,'Dy +A=S,'Dy =5,'Dy + ALy — Cy Sy' Dy)
is contained in the proclaimed set.
(ii) is proved analogously: For any R € B(H, 7(3{) we see that
Dy|CvSy! + (Ixg, ~ CvSy!DV)R| = I+ DyR = Dy R = Iy,
On the other hand, for every A € Bgr(Dy ) we see that
A=CySy' +A=Cy Sy = Cy Sy + (Iye - CvSy'Dy)A
is contained in the proclaimed set. U

Remark 8 Let us consider the following special case of the above characterizations:
If V is a fusion Riesz basis, then by Theorem Cy : H— ’K‘z, is a bounded
bijection, and thus

-1
- Dy = — g2 = Mg .
Iye = CvSy Dy =1ge =Ty =T (ge )0

Thus, if V is a fusion Riesz basis, then any left-inverse operator of Cy is S(,‘DV
plus some remainder operator L”(?{@ )+~ This remainder operator can be seen as the
trade-off for our more general definition of Dy with domain ‘K;{. If we defined
Dy as an operator 7(‘2/ — H, then we would have 7. instead of T2 in the

characterizations from Lemma |[I7|and the remainder operator would vanish in this
case, since .o — Cy S-!Dy =0.
e 14

We continue with the following lemmata in order to give a characterization of
component preserving dual fusion frame pairs.

Lemma 18 [59] Let V = (V;,v;)ier be a fusion frame for H. If (W, w;)ier is a
Q-component preserving dual fusion frame of V then, for everyi € I, W; = LMi‘K‘z,
foreachi € I, where L=DwQ € B.(Cy).

Proof Let Q € B(K3,) be B(Kj,, Ky, )-component preserving operator such that
DwQCy = Iz and let L = Dw Q. Using that Q is B(K}, K3, )-component pre-
serving, we see that

LM;(Ky) = DwOMi(Ky,) = Dw Mi(K3,) = Wi
for eachi € I. O

A reciprocal of the latter result is the following.
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Lemma 19 [59] Let V = (V;, v;)ie1 be a fusion frame for H, L € By (Cy), W; =
LM,-(?(‘Z,) and w; > 0 for eachi € I. If W = (W;, w;);e; is a Bessel fusion sequence
and

v+ Ky = I Qrau(fidjer = (ELMi(fijer)

i€
is a well defined bounded operator, then W is a Q L,w-componentl preserving dual

fusion frame of V.

Proof From the hypotheses, Qr , is B(K?> ,‘K%V)-component preserving and
Lige = (DwQLw)lge - Since L € BL(Cv), DwQrL.wCyv = In. So Wis a Qr w-
component preserving dual fusion frame of V. U

Remark 9 Let L, V and W be as in Lemma|[I9]

(a) Since L € B(K2,,H), we know from Subsection that the canonical matrix
representation of L is given by an operator valued row matrix [... L;j—; L; L;—1 ...],
where L; € B(H) for every i € I. Note that Oy ,, = P, ; wiiLi.

(b) We can give the following sufficient conditions for W being a Bessel fusion
sequence and for Qy ,, being a well defined bounded operator:

(1) Let y(A) denote the the reduced minimum modulus of an operator A €
B(Hi,H,) (see also the paragraph after Example . Assume that wlA’Zy(LM[)2 >
§ > 0foralli € I. Since (M;K?2,1);c; is an orthonormal fusion basis for K2, by
[80, Theorem 3.6] W is a Bessel fusion sequence for H with Bessel fusion bound
STHILI.

(2) If wis semi-normalized (i.e. 30 > 0: w; > ¢ foreachi € I),then Q. ,, is awell-
defined bounded operator with ||Qr | < 67||L||. Indeed, if f = (fi)ies € K2,
then

2 _ 1 2 ILI? 2 LI e
10w f 5 = Y I LMl < == > IMifle = == I1f 1 -

icl icl
In particular, the latter is true in case || < oco.

We are now ready to prove the following characterization of component preserv-
ing dual fusion frames. Note that the result below demonstrates that component
preserving dual fusion frames can be obtained in a similar manner as in the vectorial
case.

Theorem 21 [57] Let V = (V;,v;)ier be a fusion frame for H. If (w;)ies is semi-
normalized, then the Q-component preserving dual fusion frames of V are precisely
the Bessel fusion sequences W = (W;,w;)ie; with Wy = LM, (‘K‘z,) foralli € I,
where L € Br (Cy ).

Moreover, if H is finite-dimensional, any element of B (Cy ) satisfies L|7<\2/ =
(DwQ L,w)lf](%/ where W is some Q-component preserving dual fusion frame of V.

Proof 1f W is a Q-component preserving dual fusion frame of V then, by definition,
W is a Bessel fusion sequence for H and by Lemma we have W; = LMi(‘K‘Z,) for
alli € I, where L € B (Cy).
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Conversely, assume that W = (W;, w;);¢; is a Bessel fusion sequence for H with
W; = LMl-(7(‘2,) (i € 1) for some L € B (Cy). Since we assume that (w;);es is
semi-normalized, Remark@] (b) and Lemma@]imply that the operator Q = Q. 4 is
a bounded B(K?, ‘K‘%V )-component preserving operator and that W is a dual fusion
frame of V with respect to Q.

The moreover-part follows from Lemma([I9]and the corresponding proof details.[]

Remark 10 As a consequence of Lemmata [I8]and [I9} if  is finite-dimensional —
in this case one typically only considers finite index sets / — we can associate to
any Q-dual fusion frame (W;, w;);er of (V;,v;)ier the Qp z-component preserving
dual fusion frame (LM,-‘K‘Z,, w;i)ier With L = Dy Q and (w;);¢; arbitrary weights.
Furthermore, if Q is block-diagonal, then Qp,, 0.0 = (EB,; 7w;) Q. In particular,
if Q is B(K3 ., K%, )-component preserving, Qpy, 0w = Q.

The next proposition shows that we can construct component preserving dual
fusion frame systems from a given fusion frame via local dual frames and a bounded
left inverse of the fusion analysis operator.

Proposition 10 [57] Let V = (V;,v;)ie; be a fusion frame, L € B (Cy) and w
be a semi-normalized weight such that m < w; < M for all i € 1. For each
i€l let i) = (@ij)jes; and o = (@ij)jes; be a dualframe palrfor Vi, B;
an upper frame bound for 9 such that sup;e; Bi =t B < oo, A; and B; frame
bounds of @ such that inf;c; A; = A > 0and sup;.; B : B < oo, and set
v = Wij)jes, = (w,.L(é,zsolmel)je,,_ and W; —span(w(”). Then

(i) Foreveryi € I, 9 is a frame for W; with frame bounds IIL%II_Z% and ||L||2%.

i

(ii) (Wi, wi, v D)icr is a component preserving Q1..w-dual fusion frame system of
(Virvin @ Dier -

Proof (i) Clearly, for every i € I, (((5i1$ij)161)jeji is a frame for M; K, with frame

bounds A; and B;. Thus (wl, (6i19ij)ier )jell- is a frame for Mﬂ(‘z, with frame bounds

wi‘zAl- and wl._zBi, for every i € I. Since L is a bounded operator with R(L) = H

the claim follows from [45] Proposition 5.3.1].

(ii) We first show that the associated global family (L(6;%:;)ier);c; jes isa
Bessel sequence for H. For g € H we have

D 2 e LGu@ipnen < Y > KL g (aijhier )

icl jeJ; iel je;

= Z Z |<[L*g]i,5ij>|2

iel jeJ;
< > Bill[L gl
iel

< BIL*gl* < BILIPligl.



A Survey of Fusion Frames in Hilbert Spaces 51

As in the proof of Theorem 10} it follows that (W;, w;);; is a Bessel fusion sequence
with Bessel fusion bound B||L||2M2A YILT)I. Thus, the family (W;, w;, ' D);¢s is a
Bessel fusion system in {. Now, recall from Remark@](b), that Oy, ,, is a well defined
bounded operator with ||Q7 || < ||L|lm~". Now, by identifying L with its canonical
matrix representation [... L;—; L; L, ... ], observe that for (%;);c; € ‘Kg_{ we have

Orw(hi)ier = (- LM (i)
13
- (wiL ( Z<hl"’%>"%)le1)iel
! JeJi
(;Ji<hls¢tj> ISOij)ieI
( Z (hi, 90t]> L(éll%j)lel)
JeJi
( Z<h1’¢t]>¢/lj) @Dw(i) CLp(i)(hi)ieL
JeJi iel
Hence (ii) follows from (i) and Lemma[T9} [l

The following proposition presents a way to construct component preserving dual
fusion frame systems from Bessel fusion systems by using a bounded left-inverse of
the global analysis operator.

Proposition 11 [57] Let (V;,v;, 'D);er be a Bessel fusion system with associated
global frame vy, assume that w = (w;); ¢y is a semi-normalized collection of weights.
Let L be a bounded left-inverse of C,, and let ((elj)jejl)lg be the canonical
orthonormal basis for (3;c; ®*(J;))p. For each i € I, set ¢ = (ul), Le,J)JEJl

and W; := span(y ). Then

(i) ||L || 2 ||L||2
(i) ¥'\V is a frame for W; with frame bounds and

(ii) (Wi, wi, & D)ier is a dual fusion frame system of (Vi, vl, D)er.

Proof (i) Asinthe proof of Proposition(i), the claim follows from [45) Proposition
5.3.1].

(ii) Since w is semi-normalized, the local frames () have common frame bounds.
The associated global family wy is a Bessel sequence for H, since

D e L =Y Y KL g e = IL*gl? < ILIPlIg]?
iel jeJ; iel jeJ;

for all g € H. Thus, as in the proof of Theorem (W;,w;)ier is a Bessel fusion
sequence for H and thus (Wi, wi, ¥ D);e; a Bessel fusion system for . Now, note
that for each i € I, (6 )) jeJ;» Where 6 (@0 = = (0k)keJ;» is the canonical orthonormal

basis for £2(J;). By Lemma each ¢;; is given by ¢;; = (61-/(65. ))kel~ Therefore,
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for any g € H we have that

DyyCoyg = LZ Z(g»UiSDij)eij = L({g, vk pr1))ier,jes; = LCppg = g.
i€l jeJ;

In other words, wy is a dual frame of ve. Finally, (ii) follows from an application of
Theorem U

6.6 The canonical dual fusion frame

Let V = (V;,v;)icr be a fusion frame for H. Let L = S‘_,IDV € B.(Cy) and w =
(w;);er be a family of weights such that (S“,IV,-, w;)ies is a Bessel fusion sequence
for H. Assume that Qr. ., : K3, — K7, given by Or w(fidier = (GESy v, fiier
is a well defined bounded operator. By Lemma |8l Q; . = P, %S\_/l”w is a
well-defined and bounded operator if and only if sup;.; 5)—‘1 < oo. In particular, by
Lemma v; < w; for alli € I or w being semi-normalized is sufficient for Oy ,, to
be bounded. In that case, by Lemma (S;1 Vi, w;)ies 1S a component preserving
Q1 .w-dual fusion frame of (V;, v;);er. We will refer to this dual as the canonical dual
with weights w. In particular, the choice v = w yields that (S;,1 Vi,vi)ierisaQ S5 Dy 0"
component preserving dual of (V;,v;);<s (see also [59, Example 3.7]). Furthermore,
if in Deﬁnition (W;, w;);ier is a canonical dual fusion frame of (V;,v;);e; we say
that (W;, w;, ¥ D);es is a canonical dual fusion frame system of (V;, v;, 0D );er.

Now, note that by substituting 7 = S(,l andV =V; in Lemma and using that
S ;,IV,' is a closed subspace of H by Lemma we obtain that

v, Sy Mgy, = v Sy (VieD).
This implies that

Q5ipy wCspvaunf = CySy'f  (YVf eH).

We call Cy S‘_,1 f = (viny, S‘_,1 fier the canonical dual fusion frame coefficients of
f € H associated to V and note that they also appear in fusion frame reconstruction

The following lemma implies that the canonical dual fusion frame coefficients
are those coeflicients which have minimal norm among all other coefficients.

Lemma 20 [59] Let V = (V;,v;)ier be a fusion frame for H and f € H. For all
(fi)ier € ‘K% satisfying Dy (f;)ier = f, we have

I(fi)ierll* = ICv SV FIP + 1(fi)ier = Cv Sy I
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Proof Suppose that (f;)ies € ‘Ki( satisfies Dy (f;)ier = f. Then we have ( f;);ier —
CySy'f € N(Dy) =R(Cy)*. Since Cy S f € R(Cy), the result follows. O

We conclude this section with a result on duals of a fusion Riesz basis.

Proposition 12 [58] Let V = (V;,v;)icr be a fusion Riesz basis for H. Then the
following assertions hold:

(i) The component preserving duals of V are of the form (S‘_)V[, Wi)iel-
(i) If W = (Wi, w;)ie; is a Riesz fusion basis for H, then the restriction
(Cw DV)|7(§ : 7(‘2, — 7(‘24, is bounded and invertible.
(iii) If W = (W;, w;)ier is a block-diagonal dual fusion frame of V, then S{,l VicWw;
foreveryi e I
(iv) If W = (W;,w;)ier is a fusion Riesz basis for H and a block-diagonal dual
fusion frame of V, then W; = § {,IVi foreveryi € 1.

Proof (i) By Lemma|[I7]and Remark[§] the set of all bounded left-inverses of Cy is
given by

BL(C\/) = {S;,IDV + Lﬂ(ziel eV :Le B((](z ,(}‘{)} .

Taking into account that Ly, oV, M,‘K‘Z, = 0, we conclude via Lemmathat
any component preserving dual fusion frame of V has to be of the form (S ‘_,1 Vi, wi)ier .

(i) This is an immediate consequence of Theorem [I4]

(iii) Let W = (W;,w;);e; be a block-diagonal dual fusion frame of the fu-
sion Riesz basis V with respect to ,.; Qi. Then Dw (P, .; Qi)Cv = Iy and
CV(S{/IDV)|7<‘2/ = Iyq (the latter is true since Cy @ H — K3 is bijective by
Theorem H and S{,lDVCV = Jg). For arbitrary i € I and f; € V;, we have
(6:;07" fi)jer € K and Dy (607" f;)jer = f;. This implies

$i i = Dw (€D 0:)ev Sy Dy (6107 f)jer
iel
=Dw ( @ Qi)(éijvflfi)jel = Dw (6;;Qi0;7" f) jer € Wi.

i€l

Since i and f; were chosen arbitrarily, the claim follows.

>iv) By (i), S{,‘Vi C W; for each i € I. Suppose that there exists some iy € 1
so that S3'V;, & W;,. By Lemma [7} S;,'Vj, is a closed subspace of W;, and thus
Ui, == (5,'Viy))* N Wj, is a proper subspace of W, i.e. W;, = Sy'V;, @* Uj.
Now, take 0 # u;, € U;,. By Corollary @ (S“,l\/i,vi)id is a fusion Riesz basis,
hence, by Theorem it is a Riesz decomposition, so that u;, = }};<; g; for unique
gi € S(,lVi (i € I). In particular g; € W; for each i € I. On the other hand, u;, =
-+ ++0+0+u;,+0+0+. .. canbe viewed as the unique linear combination with respect
to the Riesz decomposition (W;);e;. This implies that u;, = g;, € S},'V;, NUj, = {0}.
This is absurd. Thus the conclusion follows. O
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In Proposition |12| (i), if the operator Q Sy Dy .w with respect to w is well-defined
and bounded, the component preserving duals of V coincide with the canonical ones
with weights w, i.e. the operator Q for these duals is Q ;' Dy 0

6.7 Summary of properties of dual fusion frames

Our aim here is to highlight the most important properties of dual fusion frames
presented before.

(a) Given a fusion frame V = (V;, v;);es, any bounded left-inverse L of the analysis
operator Cy is a reconstruction operator which — for every f € H — allows
perfect reconstruction from the fusion frame measurements Cy f = (v; 7y, f)ier,
i.e.

LCy = Iy. (33)

By Lemma the operator L can be related to a component preserving dual
fusion frame W = (W;, w;);e; and there is a link between L and the synthesis
operator of W.

(b) We have that ¢ = (;);es is a frame if and only if V = (span{y;}, |[|¢:]|)ier is @
fusion frame. By Theorem 20]any dual frame of ¢ corresponds to a dual fusion
frame of V.

(c) The duality relation for frames is symmetric (i.e. ¥ is a dual frame of ¢ if and
only if ¢ is a dual frame of ). By Lemma|[T4] the fusion frame duality relation
is also symmetric, regarding the adjoint operator Q*.

(d) For every frame there always exists the canonical dual frame. In Section[6.6] we
saw that the canonical dual fusion frame of a fusion frame always exists, too.

(e) From the results of Section @ we see that one advantage of Q-dual fusion
frames is that they can easily be obtained. They can be obtained from the left
inverses of the analysis operator of the fusion frames, or from dual frames. This
fact leads to a plethora of Q-dual fusion frames of different types and with
different properties and reconstruction formulas.

6.8 Examples of dual fusion frames

In this subsection we provide some examples of dual fusion frames.

We start with giving an example of a block-diagonal dual fusion frame of a fusion
Riesz basis, which is different from the canonical dual and not a fusion Riesz basis
itself.

Example [S7]



A Survey of Fusion Frames in Hilbert Spaces 55

Let H = C* and let Vi = {(x1,x2,0, O)T 1 x1,x2 € C}and V5 = {(0, xp, x3, —XZ)T :
x2,x3 € C}. Then V = (V;, 1)12:1 is a (2-equi-dimensional) fusion Riesz basis for ct
and so its unique component preserving duals are the canonical ones.

Although V = (V;, 1)1'2:1 is a fusion Riesz basis, it is possible to construct a block
diagonal dual fusion frame which is not a fusion Riesz basis. To this end, let

" = ((1,0,0,07,(0,1,0,0)7(1,0,0,0)7 ),

¥ = ((0.1,0,-1),(0,0,1,0)"0,0,1,0)7),

¢,(2)

o = ((1/2,172,-1/2,0)7,0,1,0, 17, (1/2,-1/2,1/2,0)"),

(0,0,0,-1)7, (1/2,-1/2,1/2,0), (-1/2,1/2,1/2, 0)T).

Then we have V; = span{¢?} fori = 1,2 and (V;, 1, go(i))?zl is a fusion frame system
for C*. Moreover, if we set W; = span{y"} for i = 1,2, then (W;, 1,y )iz=1 isa
fusion frame system as well. A direct computation shows, that their respective global
frames ¢ and ¢ form a dual frame pair and that i is not the canonical dual frame of ¢.
By Theorem (Wi, 1,¢)2_ isadual fusion frame system of (V;, v;, )2, . Note
that @?:1 D i) C ) is block-diagonal but not 8 (%2, 7(‘24, )-component preserving:
Indeed, a direct computation shows that R(D(l,m C¢(1)) ={(x1,x2,0,x2)T 1 x1,x2 €
C} is 2-dimensional, while W is 3-dimensional, so R(Dw(l) C¢<1>) c Wi

Since dim(W;) =3 > 2 = dim(V;) fori = 1, 2, we see (compare with Proposition
(ii)) that W = (W;, 1)1.2:1 is a fusion frame but not a fusion Riesz basis. In particular,
this means that W is not a canonical dual of V, because otherwise Theorem [I8]would
be hurt.

The next example proves the existence of self-dual fusion frames which are not
Parseval.

Example [57]
Let H = R3 and consider the subspaces

V; = span((0, 1,0)7, (0,0, D7),
V5 = span((1,0,0)7, (0,0, 1)").

ThenV = (V;, 1)1'2:1 is a (2-equi-dimensional) fusion frame for R* with

100 1 200

Sy=1010 and S{):EOZO.
002 001



56 Authors Suppressed Due to Excessive Length

In particular, S{,‘ Vi =V, and S‘_/IVQ = V>, so the canonical dual of V with same
weights equals V. In other words, V is self-dual even though V is not a Parseval
fusion frame.

Finally, the following example demonstrates that the canonical dual of the canon-
ical dual of a fusion frame V is not necessarily V. It also shows that the fusion
frame operator of the canonical dual can differ from the inverse of the fusion frame
operator.

Example

Let H = R* and consider the subspaces
Vi = span((1,0,0,0)", (0, 1,0,0)", (0,0, -1, )7),
V» = span((0, 1,0,0)", (0,0, 1,0)7),
V3 = span(((0,0, 1,0)", (0,0,0, 7).

Then V = (V;, 1);_, is a fusion frame for R*. We have

200 0 1400 0
104 0 0 L, 110700
V%1005 -1 and Sy =710 06 2
00-13 00210

For the canonical dual V = (‘71 1)1.3: | With same weights we obtain

Vi = 83'Vi = span((1,0,0,0)7, (0,1,0,0)7, (0,0, 1,-2)7),
V2 = 83!V, = span((0, 1,0,0)7, (0,0,3, )T,
Vi = 53! V3 = span(((0,0,3, D7, (0,0, 1,5)7).

and further

100 0 0 398 0 0 0
¢ 110200 0 o1 _ L ]0190 0
YV =100 0 21 -1|° SY'V 73981 0 0 190 10
0 0-119 0 0 10 210

For the canonical dual V = (V;, v,-)?:1 of V with same weights we obtain
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V3 = S;;)VV3 =Vs.

Hence the canonical dual of the canonical dual of V differs from V. We also observe
that Sg-1y, # S{,‘, i.e. the fusion frame operator of the canonical dual differs from
the inverse of the fusion frame operator.

6.9 Particular choices of Q

We conclude this section on dual fusion frames with highlighting two particular
choices of Q in Definition 3]

6.9.1 Case Q =P, _; In

As was pointed out in the beginning of Section@ when the coefficient space is ‘K;{
and hence there is no domain difficulty when composing Dy with Cy, the first
natural idea for the definition of a dual fusion frame would be to generalize the
duality concept directly from (26). That is, we consider the block-diagonal operator

Q=1 = P,c; I in Deﬁnition Hence becomes
DwCy = Iy. (34)

However, the relation (34) is quite restrictive and does not lead to a good duality
concept.

In particular, the following example demonstrates that the fusion frames associ-
ated to a dual frame pair do not necessarily satisfy . In other words, I?(; -dual

fusion frames do not include dual frames as a special case.

Example

Assume that ¥ = (¥;)ic; and ¢ = (¢;)ies is a pair of dual frames for H.
Consider their respective associated fusion frames V = (span{¢g;}, ||¢:||)ic; and
W = (span{y; }, ||¥:||)ies - For arbitrary f € H, we see that
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DwCy f = 3 lleillillmspan ) (£, 7o) o

el il 1lill
Ui Wi
_;WMfWHMWWMMM

- Loy T

Now, if we had

oi Wi .

(ol o) =1 (<D, 9
then Dw Cy = I4. For instance, if y = ¢ was a Parseval frame, then would be
satisfied. However, it is easy to find a pair of dual frames, such that Dy Cy # I
For simplicity, we consider the case, where ¢ is a Riesz basis. Then ¢ has a unique
dual given by ¢ = (S ;lgoi)ie 1 and, by bijectivity of the corresponding synthesis and
analysis operators, condition (33)) becomes necessary and sufficient for (34) to be
true. By the biorthogonality of a Riesz basis and its dual, condition (34) is true if
and only if

leillllgill =1 (Viel) (36)

in this case. Now, choose H = R? and consider the Riesz basis given by ¢ = (1,2)7
and ¢» = (1,—-1)7. Then we obtain

1 —
S%Z[%;] and S_1=§'[5 1:|

In particular, we see that [|¢1|| = V5, while [|S, e[| = [1(1/3,1/3)T | = V2/3.

In contrast to the above example, finding pairs of fusion frames V and W such
that Dy Cy = Iy still seems very interesting for applications. Hence, the remainder
of this subsection is devoted to this task.

We start with the following characterization in the special case, where V is a
fusion Riesz basis.

Proposition 13 Let V be a fusion Riesz basis and W be a fusion frame. Then the
following are equivalent.

(i) DwCy = Iy.

(i) wimw,my, = v; Sy my, foralli € I.

Proof If (ii) is satisfied, then

chv = Z Wiy, Ty, = ZU?S;/INVL' = S‘_/ISV = Iy—{

iel iel
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Conversely, assume that (i) is satisfied. For each subspace V;, choose an orthonormal
basis e; = (e;j)jes,- Then, since V is a fusion Riesz basis, the associated global
frame we = (vie;j)ier,jes; is a Riesz basis by Theorem Moreover, since all the
local frames are orthonormal bases, we have Sy = S, by Lemma @ Now, we
observe that for all f € H we have

f= Zwivi”WinVif

i€l
= Z Wi Vi Tw; Z(f,eij)e,-j = Z Z <f, v,-el-j>w,-7rwie,-j.
i€l JEJi i€l jeJ;

This means that (w;mw.e;;)icr.ics; 1S a dual frame of we. However, since we is a
i , ’J i
Riesz basis, it has a unique dual frame, namely its canonical dual frame. Thus

Wimtw;eij = S;,lel)ieij = S;lvie,-j (Vl S I,j (S Ji).
In particular, for any g € V; it holds

-1 -1
winw,; 8 = Z(g,e,-j)wiﬂwie,-j = Z(g, el-j)viSV €ij = UiSv 8.
JEeJi JjeJi

Since this is true for every i € I, (i) follows. O

For an arbitrary fusion frame V, the theorem below gives an operator theoretic
characterization of all fusion frames W such that Dw Cy = Ig. Its proof relies
on the canonical matrix representation of bounded operators between Hilbert direct
sums as discussed in Section 3,11

Theorem 22 Let V = (V;,v;)ier be a fusion frame for H. Then the following are
equivalent:

(i) W = (W;, w;)ier is a Bessel fusion sequence for H satisfying Dy Cy = Iyy.

(ii) There exists a family (L;)ie; in B(H), such that [...Li_yL;Liv1...] €
B(K2,, H) and

wiTy, = viS{,lﬂVi +L;— (ZLkvkﬂVk)UiS\_/lﬂV,- Viel). (37)
kel

Proof (i) is satisfied if and only if Dy is a bounded left-inverse of Cy . By Lemma[I7]
(a), thisisequivalentto Dy = S“,IDV +L (I’Kg{_CV S;,IDV), where L € B(K2,, H).
By the uniqueness of matrix representations (Propositions [2] and [3), there exists
precisely one family (L;);c; in B(H), such that M(L) = [...L;—1 L; Liy1...].
Furthermore, the matrix representation of the bounded operator I7<.§{ -CyS “,IDV is
given by
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2 -1 -1
con Iy —v; 7rVL.SV17er. —v,-v,-;lnviSV 71'1V,-+]
. _Ui+lvi7TV,~+ISV Ty, I(H_Ui+17TVi+1SV Vg« -

This implies that the matrix representation of S “,1 Dy +L (wa—f -CyS “,1 Dy ) is given
by the row matrix [...A;_1 A; Aj41 ... ], where

-1 -1
A =vSyny, +L; - (ZLkUkﬂ'Vk)UiSV ;.
kel

Thus, (i) is equivalent to (37). O

Corollary 12 Let V = (V;, v;)ier be a fusion frame for H. If there exists a family
(Ly)ier in B(H), such that (||L;||)icr € €>(I) and if W = (Wi, w;)icr is a weighted
family of closed subspaces of H satisfying

w; Ty, = U[S{,lﬂvl. +L;— (Z Lkl)kﬂ'vk)U,'S‘_/lﬂVi Viel),
kel

then W is a Bessel fusion sequence for H and it holds Dy Cy = I4.

Proof By Theorem it suffices to show that our assumptions imply that
[...Li-1LiLiyy...] € B(‘K,i(, H). To this end, observe that for every (f;);e; €
‘K,%{, we have

Il Lici Li Lisy - 1 (fi)iea|| = ” Z L,—f,-”
Iel

< > L

Iel
1/2 12
< (Do) (D sR)
iel iel
by the Cauchy-Schwarz inequality. U

Corollary 13 Let V = (V;,v;)ier be a fusion frame for H. If W = (W;, w;)ies is a
Bessel fusion sequence for H satisfying Dw Cy = Iy, then there exists a family
(Li)ier in B(H), suchthat L =[...Li-y L; Liyy ...] € B(K2,,H) and

Wi € Sy Vit R(L) + (D Livwny, )S3 Vi (Vi€ D).
kel

Proof By Theorem[22] there exists a family (L;);¢; of operators in B(H), such that
[...Li-yLiLiy1...] € B(%X2,H) and is satisfied. In particular, the ranges of
the respective operators in have to coincide. Thus we obtain
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Wl- = R(wiﬂVV,-) = R(UiS;/ITFVi +Li - (ZLkUkﬂVk)UiS\_/IﬂV,-)
kel

c R(l)is;/]ﬂ'vi) +'R(Li) +R((Z Lkvkﬂvk)v,-S(,lﬂVi)
kel
= S5V + R(L:) + (Z Lkvkﬂvk)S‘_,lV,-
kel
foralli e I. O

We conclude this subsection with the following generalization of Proposition[13]

Theorem 23 Let V and W be fusion frames. Then the following are equivalent.

(i) DwCy = Ig.
(ii) For all choices of orthonormal bases (e;j)jcy, for Vi, the global family
(wimw, eij)iel,jes; is a dual frame of the global frame ve = (vie;j)ier, jeJ;-
(iii) For all choices of orthonormal bases (e;}) jey; for V; it holds

_1 _1 . .
winw,eij = Sy viegj + hij — Z Z (Sy viejj,vkeryhiy  (Viel, jel),
kel jeJi

where (hij)icr,jes, is a Bessel sequence for H.

Proof For each subspace V;, choose an orthonormal basis (e;;) es,. Then for the
associated global frame ve = (v;e;})icr, jes;, We have Sy = S, by Lemma Now,
we observe that for all f € H we have

chvf = Zviwi”Wi”fo

iel

= Z Vi Wi TTwy; Z <f, e[j)eij
iel JjeJi

= Z Z(f, viel-j>wl~ﬂwieij.
i€l jeJ;

This implies that Dy Cy = Ig if and only if (w;mw,e;;)icr,jes; is a dual frame
of ve. Thus the equivalence (i) < (ii) follows. The equivalence (ii) < (iii) follows
immediately from S“,l = S,) and the characterization of dual frames in Hilbert

spaces (Theorem ). O

6.9.2 Case 0 = @, Si*

The second special case we are presenting in this section, is the historically first
one for the definition of alternate dual fusion frames, done by P. Gavruta in [53].
In his paper, Gavruta worked with the synthesis operator Dy and analysis operators
Cw as operators ‘K‘z, — Hand H — ‘K‘ZV respectively. Since they can not be
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composed as in (34), Gavruta approached the definition of a dual fusion frame from
a different direction. In analogy to frame theory, he generalized the canonical dual
fusion frame coming from the fusion frame reconstruction (see Section[6.6). In that
process, using Lemma he shows that S;/IITVL. = Tty S;,lﬂvi and proves the
reconstruction formula

f= gy S f (Y e H). (38)
iel

Moreover, Gédvruta generalizes and calls a Bessel fusion sequence W =
(Wi, w;)ier an alternate dual fusion frame of V, if

f= Z viwiw, Syl mv, f (Vf € H). (39)
iel
As in [81]], using our notation for block-diagonal operators, we may rewrite (39) to

|| via the block-diagonal operator Q = P, S}

While alternate duals are perfectly fitting to include fusion frame reconstruction
in the duality setting, this special case lacks symmetry (see below) and therefore
does not contain dual frames as a special case. Again, this points towards the need
of a more general Q, which makes the dual frame definition flexible enough for all
tasks expected from a dual fusion frame.

Example [74]

Consider the subspaces of R3 given by
Vi =span((1,0,0)7), V5 = span((0, Lo, w3 = span((0, 0, l)T),

( ) )
Vi = span((0,1,0)"), Vs =span((1,0,0)"), Ve =span((0,0,1)"),
Wi = span((1,0, O)T), W, = span((0, 1,0)T), W3 = span((0, 0, l)T),
W4 = span((0, 0, 1)T), Ws = span((0, 1,0)T), We = span((1,0, O)T),

Thenboth V = (V;, )%, and W = (W;, 2)%_, are fusion frames for R* with respective
fusion frame operators Sy = 2 - Jzs and Sw = 8 - Jzs. A direct computation shows
that

6 6
1
pw(EDs')oy =k and  Dv(EPs)cw = 7B
i=1 i=1

Hence, W is an alternate dual of V, but V is not an alternate dual of W.
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7 Finite fusion frames

In the previous sections we mainly focused on the general theory for fusion frames,
i.e. fusion frames in (possibly) infinite-dimensional Hilbert spaces H indexed by
an arbitrary countable set /. Although all previous results can be easily transferred
to the finite-dimensional setting, we will recap a few aspects of the already elabo-
rated theory in the final-dimensional setting, before presenting some results which
particularly rely on dim(H) < oo. In Section [8| we provide the reader with the
implementation of fusion frames.

Until now, we have nearly always assumed in the proofs that / is countably
infinite and ensured convergence whenever necessary, even though / can be finite
in case dim(#H) = co. For instance, any closed subspace V of H and its orthogonal
complement V* (with constant weights 1) form a (very boring example of a) fusion
frame for H with |I| = 2. Conversely, if dim() < oo, then there exist fusion frames
with infinite index sets such as (H,27")> ,.

From here on we will only consider the typical case, where [ is finite and H
finite-dimensional.

7.1 Fusion frames in finite-dimensional Hilbert spaces

We start this section with a short summary on the most basic notions in finite-
dimensional fusion frame theory and add some first results towards numerics.

Let H = H™ be a L-dimensional Hilbert space over F = C or F = R, i.e. we may
identify HL = FL.

Let V = (V;,v;)X | be a family of subspaces V; of H* with weights v; > 0. Then
V is always a Bessel fusion sequence by the Cauchy-Schwarz inequality. Moreover,
analogously to frames [43]] we may consider the minimum

K

Av = min{ Y Py IR £ € HE A= 1,

i=1

which exists, since f — XX, v?||lny, | is continuous and the unit-sphere in a

finite-dimensional Hilbert space is compact. This implies, that

Ay >0 — span(V,-)i‘E1 = span U£1 V; = HE (40)
= Vis a fusion frame for HE,
in which case Ay is a lower fusion frame bound. In particular, in the finite-

dimensional setting, the fusion frame property of V is independent of the weights
v; > 0. Moreover, in view of Theorem |16} a fusion Riesz basis for H’ is simply a
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fusion frame V = (V;, v;)X,, where H’ = GBK V; is the direct sum of the subspaces
Vi.

In summary, we obtain the following:

Proposition 14 Let V = (V;, v,) be a family of subspaces V; of HY = FL and
weights v; > 0.

(i) V is a fusion frame for H if and only if span U£1 V; =HE
(ii) V is a fusion Riesz basis for H if and only if span U{il V; = HY and
>K, dim(V;) = L

Remark 11 (a) In view of Proposition[T4] one might ask, why the fusion frame theory
concept in the finite dimensional setting should be considered interesting, as the most
important definitions are either trivial or boil down to basic linear algebra. The answer
to this question is (at least) twofold: At the one hand, the fusion frame inequalities
work for the finite-dimensional and the infinite-dimensional setting. Some results
cannot be transfer - in particular, is not true if H is infinite-dimensional (in
fact, the unit sphere in  is not compact in this case, and span(V;);e; = H is only
necessary, but not sufficient for the lower frame inequality to be satisfied). But the
homogenous definition gives a way to specialize all the abstract results for fusion
frames to the finite dimensional setting.

On the other hand, the fusion frame bounds Ay and By contain numerical
information, see Lemmata[21]and
(b) Equivalently, we could call a family (P-)K of L X L—matrices over F a fusion
frame for HL, if P2 P;and P; = P; fori = 1,...,K and if the matrix Zt (Ui P
is positive definite. Indeed, we have ny, = P, Vl = R(P;), and X 2P; = SV
corresponds to the fusion frame operator Sy .

i=1’

i=1 Y

For finite tight fusion frames we observe the following relation between the
dimension L of H and the respective dimensions of the subspaces V;.

Proposition 15 [42|] Let V = (V;, vl) be an Ay -tight fusion frame for H™. Then

K
Zufdim(vi) =L Ay.
i=1

dim(V;

Proof For every i, let (e; 1) ) be an orthonormal basis for Vi. Then the global

frame (vlelj)K dim(V;) ;

is Ay -tight frame by Corollary Hence, employing [39, Sec.
2.3] gives us

dim(V;) K

K
L-Ay = Z Z llvreij|I* = Z o7 dim(Vy),

-1 =l i=1

as desired. (]
The coefficient space associated to V is X, @HL = {(f)X, : fi e H},

equipped with ((f)K . (¢)K,) = XK, (fi.g), which we may identify with

(FXL - 1l2) = (FZK, || - [|gro) . For consistency reason we set K7, := K oHL.
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Hence, the synthesis operator Dy : K; % —> HZL associated to V can be identified
with an L x KL -matrix over F and the analysis operator Cy : H" — K7, can be

identified with an KL X L -matrix over F. In particular Sy = Dy Cy = Z,K v lznvl
can be identified with an L X L -matrix over F.

As discussed in SCCthIl | given a fusion frame V = (V;, vi)K i~1» We can achieve
perfect reconstruction by utilizing the invertibility of Sy, see (II). In numerical
procedures, an important measure for inverting a positive definite matrix is given
by the condition number, which is defined as the ratio between the largest and the
smallest eigenvalue. Analogously to frames, the condition number of the fusion
frame operator is given by the ratio of the optimal (fusion) frame bounds [43]], see
below.

Lemma 21 Let V = (V;,0:)X | be a fusion frame for H™. Let A" denote the largest
possible lower fusion frame bound and BOP " the smallest possible upper fusion frame

bound for V. Then the condition number of Sy is given by BoPt/Aom

Proof For every i, let (e; ,»)dlm(v") be an orthonormal basis for V;. Then, by Lemma

1

L ve = (vie;; )K] Aim(Vi) i< frame for HE and Sye = Sy . In particular their respective
optlmal frame bounds and condition numbers coincide, thus the claim follows [43]].[]

If one prefers to avoid the inversion of Sy, one can approximate f € H’ by
performing the frame algorithm [43]] instead, which can be shown completely anal-
ogously as in the frame case, since its proof relies solely on the positive definiteness
of the (fusion) frame operator. For completeness reason we still present the proof
following [43]]. For a concrete implementation see Section [8]

Lemma 22 [42]] Let V = (V, v,) be a fusion frame for HL with fusion frame
bounds Ay < By. Given f € WL deﬁne the sequence {gn}, _, by

80=0, gn=gn-1+ Sy (f —gn-1) (n=1).

_2

Ay + By

Then "
I - ol = (Gpgs) 171

In particular, ||f — gnll — O asn — oo.

Proof Choose f € H™. By the lower fusion frame inequality,

K

(2~ V) 12 1) = 111 - ﬁ > v fI

AV +BV P

< IIfII2 I|f||2

_ By

2
= il
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Since Ty — 2(Ay + By)~!Sy is self-adjoint, this implies

2 H By — Ay

Iy - < .
H H Ay + By v By + Ay

(o)

Now, by definition of {g,} >~ we see that

2
f—&n=f—8n-1- msv(f_gn—l)
2
= Iy - — —2n-1).
(H Av+BVSV)(f gn-1)

By iteration and the assumption gy = 0 we obtain

2 n
P PR N
F =T e Sv) f
This implies
By — Ay \"
— < ="
If gnu_(BV+ Av) 71
as desired. O

8 Reproducible research implementations

Finite fusion frames - here, N subspaces of H’ - are implemented as part of the
frames framework in the Large Time Frequency Analysis Toolbox (LTFAT) [83].
The frames framework was introduced in [76] and follows an object oriented pro-
gramming paradigm, with the frame class serving as the parent class from which
specific frame objects are derived. Fusion frames are represented as container frames
that can comprise arbitrary combinations of frame objects.

The LTFAT frames framework allows an object oriented approach to transforms
[76] - i.e. frame analysis matrices. Frame objects can be constructed either in a con-
crete way, by providing a synthesis matrix to the frame class using the option gen
or as an abstract class - initiating the frame objects with specific desired properties,
such as a specific frame structure or adaptable time or frequency scales. Currently
supported abstract, structured frames in LTFAT comprise the discrete Gabor trans-
form (DGT) [86] and the non-stationary Gabor transform (NSDGT) [10], a wide
range of filterbank implementations with linear and logarithmic frequency scales
[73]], and wavelet transforms [77]]. For a complete list of the currently supported
frame types, we refer to LTFAT’s documentation [[1].

The properties of a frame object, such as e.g. the fusion frame weights w, cor-
respond to the object’s attributes, while the frame-associated operations, such as
analysis and synthesis, align with the frame object’s methods. Rather than creat-
ing the coefficient matrices directly, a frame object is instantiated in an operator-like
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Table 1: Some relevant fields in a fully initialized LTFAT fusion frame object, an
indication if they fusion frame specific and a description of their corresponding
frame property.

field name fusion specific ~ description

Nframes + number of local frames N

w + fusion frame weights (wy, ..., wn)

frames + the local frame objects (D, ..., D)

frana method for constructing the analysis operator

frsyn method for constructing the synthesis operator

L the dimension of the full space, the length of the frame
vectors

M + number of elements/vectors in each local frame:
(Ki,---,KN)

A + lower fusion frame bound

B + upper fusion frame bound

istight + if the frame is tight, i.e. A= B

isparseval + if the frame is Parseval,i.e. A= B =1

isuniform + if the frame is uniform, i.e. w; = 1Vi

localdual + the local dual frame object

frameoperator + the frame operator as a matrix

fashion, i.e. as a structure comprising mostly anonymous functions. The frame object
becomes non-abstract and applicable, when it is fully initialized, and fully defined
in a mathematical sense, once its dimensions have been fixed to a specific CL. In
Table [T] we list the frame properties that are either specific, or particularly relevant,
to fusion frames, along with their name within the frame object.

For the creation of a fusion frame, the synthesis matrices of the respective local
frames are used for defining them, i.e.

D .= D¢,(f) = |di1 iz ... dik; |- 41

where K; is the number of frame vectors of ¢(?). Local frames ¢V = (¢ix)xck, can
be created from a given synthesis matrix via the command
locfram® = frame(’gen’,D®);
and the fusion frame is then created using
F = frame (’fusion’, weights, locfram V..., locfram®™));.

The fusion frame attributes weights (w), the local frame structs (frames), their
number (Nframes), and their analysis and synthesis methods (frana and frsyn,
respectively) are set during the instantiation of the frame object via the function
frame.

A fusion frame is a class of subspaces W; in H*. To reduce the dimensions of the
presentation spaces and be numerically more efficient one could consider spaces W;
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of different dimensions. But then it has to be clarified how to fuse the local frames
together, e.g. by assigning an operator from the lower dimensional subspaces W; to
HL [32][Sec. 13.2.3].

To avoid this additional operator, we consider the subspaces of H© directly. The
definition of the synthesis operator Dy by f = Zfi | wimw; fi, allows us to avoid
any checking if the f; are in the considered subspaces W;, and the representation
of the synthesis operator as a matrix in C-*EV s applicable to the full coefficient
space 7(% = CLN| Another advantage of this approach is that a modification of the
coefficients within an analysis-synthesis stream - like a multiplier [8} 3] - is possible
directly, without having to ensure to stay in the relevant subspaces. Additionally, for
the numerical solution of operator equations - represented as block matrix equations
using fusion frames - this is much more convenient [[11] - for the same reason.

For the analysis operator Cyy : Ct —s CE*N one has to implement an orthogonal
projection on the subspace W;. In our implementation, the subspaces W; are always
given by the local frames o) = (Pik)kek,,i.e. W; = span(¢;x)rek; (in other words,
we always consider a fusion frame system (W;, w;, ¢(i))il\;1 ). Those local frames are
frame sequences in the full space H*. Following [45, Prop. 5.2.3] the orthogonal
projections is computed via local frame reconstruction using the respective local

dual frame vectors @k = S;}i) - fori=1,...,Nand k € K;, i.e.
nw, f = Z (f ik) bik- (42)
keK;

The analysis operator Cy f = p = ( I’i),]-\i | is given component-wise by

pi = winw, f

with f being the input signal, w; the fusion frame weights, and W; the subspaces
spanned by the respective local frames. In LTFAT, this is implemented via the fuana
function. If one wants to extract only one projection, i.e. the projection to a fixed
subspace W;, this can be done by using the option fuana(..., ’'range’,ip).This
is used in the synthesis operator, implemented via the function fusyn . One can also
specify any vector of subsetof 1,..., N.

The code used for generating the Figures of this chapter can be downloaded from
http://ltfat.org/notes/ltfatnote®58.zip. It will also be included in the
upcoming LTFAT version 2.6.

8.1 Dual fusion frame calculation

In order to compute a canonical dual fusion frame (S;‘} Wi, w;) f‘i , of a given fusion
frame (W;, wi)f\il,

The operator S ;Vl can be calculated via direct inversion of the fusion frame operator

we need to know the inverse S ;Vl of the fusion frame operator Sy .


http://ltfat.org/notes/ltfatnote058.zip
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Sw using the fudual function. For a general fusion frame, no assumptions on
the structure of the coefficient space can be made. Consequentially, the application
of efficient factorization algorithms, such as e.g. for Gabor frames [87]], is not
possible. In general, direct inversion is numerically unfeasible for large L and/or
N. Another option is to use an iterative approach. We have implemented the fusion
frame algorithm, see Theorem 22} This is a standard Richardson iteration with a
matrix of size L X L that stems from a fusion frame. A block-wise iteration on the
coefficient space is also possible [11]], but not necessary here.

See Figure [I] for an example the convergence rate for a uniform random fusion
frame. The frame was created with dimension L = 105 and comprises eight local
frame sequences - i.e. eight subspaces, N = 8. The number of elements in the local
frames was randomized within the interval [0.25 - L,0.75 - L], along with their
coeflicients, that were randomized within the range (0, ...,0.5).

Fig. 1: Logarithmic convergence rate of the Richardson algorithm for the fusion
frame operator.

As an example that can easily be visualized, consider the fusion frame system
defined by the local frame vectors ¢;; = (1,0,0)7, ¢12 = (0,1,1/2)T, ¢ =
(1,1,0)7 and ¢, = (0,0, 1)T and the weights w; = wy, = 1. Depicted in Figure
are the projections of the vector f = (-0.5,—-1.5,0.5)7 onto the two corresponding
subspaces, i.e. the fusion frame coefficients. A 3D-plot of the canonical dual frame,
along with local frames in R3, is shown in Figure
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Fig. 2: Projection of the vector f = (=0.5,-1.5,0.5)" on a uniform fusion frame
comprising the subspaces W = span(¢11, ¢12) (in green) and W, = span(¢21, ¢22)
(in orange), where ¢1; = (1,0, O)T, 012 = (0,1, 1/2)7, ¢ = (1, 1,O)T and ¢y =
(0,0, 1)T. The local frames are indicated as arrows in their respective colors, orange
and green. The vector f is indicated as a black arrow, its respective projections pi
and p; onto the two corresponding subspaces in grey.

Fig. 3: The canonical dual fusion frame of the above fusion frame system - the
display shifted in azimuth by 90 degrees.
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8.2 Towards the Visualization of Fusion Frame Coeflicients

It is unclear what a canonical way of displaying the coefficients of a fusion frame
would be. Let us present some options in this section, to instigate future discussions.
This topic will - certainly - be the subject of future research.

One - straightforward - option would be to display the vectors p; = mw, f directly.
This is depicted in Figure {a] for the random fusion frame for L = 105 introduced
above in Section [8.1} The fusion frame analysis coefficients of a sinusoidal input
signal f(r) = sin(2r4r) with 1 = 0, 1, 1,. .., 1 are plotted. This could be called a
direct fusion frame coefficient plot.

Even for those random frames, the frequency of the sinusoid can be guessed in
the picture. At the right side - in Figure [4b] - the norms ||p;|| = |l7w, f|| of those
coefficients are plotted. This could be seen as an analogue to a spectrogram, so could
be called a fusiogram.

Another option is to display the coefficients of the global frame of the fusion
frame system, in a way to also indicate the fusion frames, i.e. the respective local
frames. This could be called a local fusiogram. For unstructured frames, such a
representation would just be a concatenation of several displays like in Fig. [db] This
does not seem too interesting or useful. If there is a specific structure shared by all
the local frames, and therefore subspaces, taking such an approach seems much more
promising.

A prime example for this is the construction of general time-frequency represen-
tations as a collection of tiles, arranged on a two dimensional plane, that overlap in
both, time and frequency - along the lines of the jigsaw [61] or quilting [50] idea.
With the fusion frame conditions in the background - contrary to other approaches -
the reconstruction of such time-frequency representations is easily possible.

8.3 Fusion Frames with a Time-Frequency Relation

Our approach how we could describe a fusion frame system with ’some’ relation
to time-frequency is the following: Using the ’full time-frequency plane’, i.e. the
L x L plane that would result from an STFT (¢ = b = 1) as a starting point,
we consider some (time-frequency-related) frame sequences zp(i) = Wik ke K;- We
further assume that for all elements ;. of the respective local frames ¢ (), we can
find corresponding time-frequency points (¢;, f{) € [0,...,L — 1] x [0,..,L - 1].
We now define regions Q; in the (full) time frequency plane (with some overlap).
Finally, by that we find new local frames by

o = Wit)kek, (i 1)) eo- (43)

Now W; := span{e?} and we consider the 'mixed time-frequency transform’ sys-
tem (W;, 1, (D) ,IZ ,- Here we can apply all results shown above for fusion frames. In
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(a) Fusion frame analysis operator Cy of a uniform random frame with L = 105 and N = 8
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(b) Norm of the fusion frame analysis operator of a uniform random frame with L = 105 and
N =8, applied on the same signal.

particular, the reconstruction from the frame coefficients is solved using Lemmafd]-
different to the approaches in and [30].

To illustrate this idea, we exemplify the practical implementation of a specific
"local fusiogram" with a clear time-frequency correspondence below.

8.3.1 Local Fusiogram Proof-of-Concept
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In this example, we consider frame sequences from samples / subsets from two
well-known time-frequency representations: the discrete Gabor transform (DGT),
and the fast wavelet transform (FWT) [64]]. Both transforms have a time-frequency
correspondence, and the assignment of the time-frequency points associated to a
specific frame element is possible:

A Gabor system in CL consists of the elements

2nimb

gm,n[k] = Mmanag[k] =e L g[k - nal,

where we use the standard notation [52], i.e. M,, denotes modulation by w, Ty
denotes translation by x, and g is a given window. For the representation as in ({1))
we have that k = %n + m. And therefore the time-frequency association is

10 = (|2 ko o 1

assuming that the window is centered around O in both time and frequency. The
wavelet system - following the implementation of Mallat’s algorithm [65] in fwt is
given by
hjnlk] =D;T,h[k]
hJ,n [k] = D.]'Tnil[k]

h2) - (k-n)]  (1<j<J),
h[2” - (k- n)],

where we use the usual notation from [23], i.e. D; denotes dyadic dilation, 4 is a
given mother wavelet and & denotes the scaling function. For the representation as
in @T) for a given k let 0 := max {[%] J } Then a corresponding time-frequency
association is

FWT FWTy _ [,[% L 1+20%F1 3L L
("0 Sy )—(2r W(k—z(ﬂ—l)+ 5 ,2”1)for{7wsJ

and

27 2 72

assuming that the window is centered in its support in both time and frequency.

L 1+27 L L
((FWT | fFWT) = (2J (k———1)++— —) for{?} >,

As specified above the local frames ¢! are defined by choosing the regions
Q; as N overlapping rectangles on the time-frequency plane and selecting the cor-
responding DGT and FWT elements. In our example, it comprises a sequence of
six DGT and FWT frame segments (three segments of each), alternatingly ordered,
and arranged in an overlapping, jigsaw-like fashion. Rather than using the whole
[L x L] time-frequency plane, we display only positive frequencies, and thus restrict
our considerations to a time-frequency plane of dimension [% X L]. The resulting
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fusiogram is depicted in Figure [5]The borders of the regions Q; are indicated as
white lines in the Figures [5]and

For the concrete example we have chosen a DGT with a Gaussian window using
ahop size apgr = 16 for Mpgr = 48 channels, yielding a redundancy r = % =3,
For the FWT, an iteration depth J = 6, leading to seven frequency channels My,
and a Daubechies wavelet of order eight was used. Both implementations [86} [77]]
are readily available in LTFAT. With this setting we get a fusion frame with frame
bounds Ay = 1.7321 and By = 5.6051. The resulting global frame has the bounds

A =1and B =5.0512.

We display an input signal f of length L = 384, comprising a sequence of random
numbers (with values ranging from (0, . .., 1)) windowed by a Gaussian window, a
sinusoid with a frequency of one fourth the maximal frequency, i.e. (%) /4 = 48,
and an impulse, a sequence of six times the number 2, at samples 320 to 325. The
input signal is, along with the Gaussian window used, depicted in Figure [f]

For all time-frequency positions (7}, f{) in the full matrix where there is a cor-
responding frame element, we set the value to < fovik > If several coeflicients
correspond to the same position, we use their mean value. The rest of the coefficients
are filled using the Matlab interpolation fillmissing . We plot the absolute values
on a logarithmic scale in Fig.[5] In the bottom tiles, the sinusoidal signal component
is visible as a red bar. The impulse lies roughly between time samples 250 and 350.
The higher energy regions in the middle stem from the windowed noise.

In Figure [7, we plot the norms of the fusion frame coefficients (as in Fig. [4b)
but arranged in the same time-frequency pattern as before. Here, again, the energy
distribution of the input signal is reflected, with little energy in the first tile, some
energy in the center tiles, again due to the windowed noise, and the sinusoid con-
tributing energy in the bottom tiles. The two rightmost tiles contain higher energy
relative to the two leftmost tiles due to the impulse.

9 Further study

This chapter is designed as an introduction to the fundamentals of fusion frame
theory with a focus on the motivation given in the introduction.

As such, it does not - and could not - contain many sub-areas of the theory, such
as: (1) Phase retrieval and norm retrieval in fusion frames [2} (7, 16, 2, [36} 137]], (2)
Fusion frames and the Restricted Isometry Property [[14], (3) Fusion frames and
unbiased basic sequences [15]], (4) Sparse signal recovery with fusion frames [17],
(5) Fusion frame constructions [21} 27]], (6) Fusion frame potentials [25] |56, [66],
(7) Spectral tetris fusion frame constructions [26] 35| 38]], (8) Fusion frames and
distributed processing [42} [63]], (9) Sensor networks and fusion frames [33]], (10)
Random fusion frames [19], (11) Subspace erasures for fusion frames [41} 57, [72]],
(12) Matrix representation of operators using fusion frames [L1, [81]], (13) Non-
orthogonal fusion frames [20], (14) Fusion frames and combinatorics [18], (15) K-
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Fig. 5: The fusiogram, generated from a wavelet and a Gabor frame (from top
to bottom and left to right: Gabor, wavelet, wavelet, Gabor, Gabor, wavelet). The
representation was retrieved as the absolute values of the logarithm of the interpolated
frame coefficients. (For display purposes, to map negative coefficients to a positive
range, prior to taking the logarithm, an offset corresponding to the minimum value
of the logarithm of the fusion frame coefficients was added.) The overlap, indicated
in the Figure by white lines, was chosen to mutually cover 10 % of the respective
frame lengths of neighbouring frames.

fusion frames [82]], (16) Weaving fusion frames [49]], (17) Fusion frame multipliers
[83]], (18) Weaving K-fusion frames [33]], (19) Equichordal tight fusion frames [69],
(20) p-fusion frames [5]] and (21) Perturbations of fusion frames [79]]. Finally, (22)
[22] is the final word on (algorithm-free) fusion frame constructions. The author
constructs almost all fusion frames, shows that the construction is unique, and gives
an exact formula for each fusion frame. For (23) Various applications of fusion
frames we refer to the introduction.
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Fig. 7: The norms of the fusion frame analysis coefficients are displayed, as in

Figure[b]but using the same arrangement as in Figure[5] where the value is averaged
in the overlapping domain



A Survey of Fusion Frames in Hilbert Spaces 77

was supported by Grants PIP 112-201501-00589-CO (CONICET) and PROIPRO
03-1420 (UNSL).

References

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

. Documentation of the frame function in the Large Time Frequency Analysis Toolbox. http:

//1ltfat.org/doc/frames/frame.html. Accessed: 2022-10-30.

. F. Akrami, P. Casazza, and A. Rahimi. A note on phase (norm) retrievable real Hilbert space

(fusion) frames. Int. J. Wavelets Multiresolut. Inf. Process., To appear.

. M. L. Arias and M. Pacheco. Bessel fusion multipliers. J. Math. Anal. Appl., 348(2):581 —

588, 2008.

. M. S. Asgari. New Characterizations of Fusion Bases and Riesz Fusion Bases in Hilbert

spaces. Journal of Linear and Topological Algebra, 04(02):131-142, 2015.

. C. Bachoc and M. Ehler. Tight p-fusion frames. Appl. Comput. Harmon. Anal., 35(1):1-15,

2013.

. R. Balan, B. Bodmann, P. Casazza, and D. Edidin. Fast algorithms for signal reconstruction

without phase. Fast algorithms for signal reconstruction without phase, Proceed. of SPIE -
Wavelets XII, 6701:11920-11932, 2007.

. R.Balan, P. Casazza, and D. Edidin. Signal Reconstruction without Noisy Phase. Applied and

Computational Harmonic Analysis, 20:345-356, 2006.

. P. Balazs. Basic definition and properties of Bessel multipliers. J. Math. Anal. Appl.,

325(1):571-585, January 2007.

P. Balazs, J.-P. Antoine, and A. Grybos. Weighted and controlled frames: Mutual relation-
ship and first numerical properties. International Journal of Wavelets, Multiresolution and
Information Processing, 8(1):109—132, January 2010.

P. Balazs, M. Dorfler, N. Holighaus, F. Jaillet, and G. Velasco. Theory, implementation and
applications of nonstationary Gabor frames. J. Comput. Appl. Math., 236(6):1481-1496, 2011.
P. Balazs, M. Shamsabadi, A. A. Arefijamaal, and G. Chardon. Representation of operators
using fusion frames. submitted, 2022.

P. Balazs, D. Stoeva, and J.-P. Antoine. Classification of General Sequences by Frame-Related
Operators. Sampl. Theory Signal Image Process., 10(2):151-170, 2011.

B. Bodmann. Optimal linear transmission by loss-insensitive packet encoding. Appl. Comp.
Har. Anal., 22:274-285, 2007.

B. Bodmann, P. Casazza, and J. Cahill. Fusion frames and the restricted isometry property.
Numerical Functional Analysis and Optimization, 33, 2012.

B. Bodmann, P. Casazza, J. Peterson, and J. Tremain. Equi-isoclinic fusion frames and mutually
unbiased basic sequences. Excursions in Harmonic Analysis, 1:19-34, 2012.

B. Bodmann, D. Kribs, and V. Paulsen. Decoherence-insensitive quantum communications by
optimal c¢*-encoding. IEEE Transactions on Information Theory, 53(12):4738-4749, 2007.
B. Boufounos, G. Kutyniok, , and H. Rauhut. Sparse recovery from combined fusion frame
measurements. /EEE Trans. Inf. Theory, 57:3864-3876, 2011.

M. Bownik, K. Luoto, and E. Richmond. A combinatorial characterization of tight fusion
frames. Pacific Jour. of Math, 275(2):257-294, 2015.

J. Cahill, P. Casazza, M. Ehler, and S. Li. Tight and random non-orthogonal fusion frames.
Contemporary Math, 650:23-36, 2015.

J. Cahill, P. Casazza, and S. Li. Non-orthogonal fusion frames and the sparsity of fusion frame
operators. Jour. Fourier Anal. and Appls., 18(2):287-308, 2012.

R. Calderbank, P. Casazza, A. Heinecks, G. Kutyniok, and A. Pezeshki. Constructing fusion
frames with desired parameters. Proceedings of SPIE, Wavelets XIII, San Diego, 2009.

I. Campbell. Algorithm-free methods in fusion frame construction. PhD thesis, University of
Missouri, November 2022.


http://ltfat.org/doc/frames/frame.html
http://ltfat.org/doc/frames/frame.html

78

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.
41.

42.

43.

44.

45.
46.

47.

48.

49.

Authors Suppressed Due to Excessive Length

R. Carmona, W.-L. Hwang, and B. Torrésani. Practical Time-Frequency Analysis. Academic
Press San Diego, 1998.

P. Casazza. Sampling, Wavelets, and Tomography, chapter An Introduction to Irregular Weyl-
Heisenberg Frames, pages 61-82. Birkhéuser, Boston, 2003.

P. Casazza and M. Fickus. Minimizing fusion frame potentials. Acta. Appl. Math, 107(103):7—
24, 20009.

P. Casazza, M. Fickus, A. Heinecke, Y. Wang, and Z. Zhou. Spectral tetris fusion frame
constructions. JFAA, 18(4):828-851, 2012.

P. Casazza, M. Fickus, D. Mixon, Y. Wang, and Z. Zhou. Constructing tight fusion frames.
Applied and Computational Harmonic Analysis, 30:175-187, 2011.

P. Casazza, J. Haas, J. Stueck, and T. Tran. Constructions and properties of optimally spread
subspace packings via symmetric and affine block designs and mutually unbiased bases.
preprint, 2018.

P. Casazza, J. H. IV, J. Stueck, and T. Tran. A notion of optimal packings of subspaces with
mixed-rank and solutions. In: Hirn, M., Li, S., Okoudjou, K.A., Saliani, S. (eds.) Excursions
in Harmonic Analysis, 6, 2021.

P. Casazza, P. C. J.C. Tremain, and J. Tremain. The Kadison-Singer problem in mathematics
and engineering. Proceedings of the National Academy of Sciences, 103(7):2032-2039, 2006.
P. Casazza and G. Kutyniok. Robustness of fusion frames under erasures of subspaces and
local frame vectors. Contemporary Math, 464:149-160, 2008.

P. Casazza and G. Kutyniok. Finite Frames Theory And Applications. Applied and Numerical
Harmonic Analysis. Boston, MA: Birkhauser. xvi, 2013.

P. Casazza, G. Kutyniok, S. Li, and C. Rozell. Modeling sensor networks with fusion frames.
Proceed. of SPIE - Wavelets XI1, 6701:11910-11913, 2007.

P. Casazza and M. Leon. Existence and construction of finite frames with a given frame
operator. Int. Jour. of Pure and Appl. Math, 63:149-158, 2010.

P. Casazza and J. Peterson. Weighted fusion frame construction via spectral tetris. Adv.
Comput. Math, 40(2):335-351, 2014.

P. Casazza and J. Tremain. Phase retrieval and norm retrieval by vectors and projections.
preprint.

P. Casazza and L. Woodland. Phase retrieval by vectors and projections. Cont. Math., 626:1-18,
2014.

P. Casazza and L. Woodland. The fundamentals of spectral tetris frame constructions. Sampling
Theory: A renaissance, Applied and Numerical Harmonic Analysis, pages 217-266, 2015.

P. G. Casazza and J. Kovacevi¢. Equal-norm tight frames with erasures. Adv. Comput. Math.,
18:387-430, 2003.

P. G. Casazza and G. Kutyniok. Frames of subspaces. Cont. Math., 2004.

P. G. Casazza and G. Kutyniok. Finite Frame Theory. Eds. P.G. Casazza and G. Kutyniok.
Birkhéuser, Boston, 2012.

P. G. Casazza, G. Kutyniok, and S. Li. Fusion frames and distributed processing. Appl.
Comput. Harmon. Anal., 254(1):114-132, 2008.

O. Christensen. An Introduction to Frames and Riesz Bases. Birkhi user, Boston, 2. edition,
2003.

O. Christensen. Frames and Bases. An Introductory Course. Applied and Numerical Harmonic
Analysis. Basel Birkhduser, 2008.

O. Christensen. An Introduction to Frames and Riesz Bases. Birkhéduser, 2016.

J. B. Conway. A Course in Functional Analysis. Graduate Texts in Mathematics. Springer,
New York, 2. edition, 1990.

M. S. Craig and R. L. Genter. Geophone array formation and semblance evaluation. Society
of Exploration Geophysicists, 71, 01 2006.

1. Daubechies, A. Grossmann, and Y. Meyer. Painless non-orthogonal expansions. J. Math.
Phys., 27:1271-1283, 1986.

Deepshikha, S. Garg, L. K. Vashisht, and G. Verma. On weaving fusion frames for hilbert
spaces. 2017 International Conference on Sampling Theory and Applications (SampTA), pages
381-385, 2017.



A Survey of Fusion Frames in Hilbert Spaces 79

50.

51

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.
66.

67.

68.

69.

70.
71.

72.

73.

74.

75.

76.

M. Dorfler. Quilted frames - a new concept for adaptive representation. Advances in Applied
Mathematics, 47(4):668-687, 2011.

R. J. Duffin and A. C. Schaeffer. A class of nonharmonic Fourier series. Trans. Amer. Math.
Soc., 72:341-366, 1952.

H. G. Feichtinger and T. Strohmer. Gabor Analysis and Algorithms - Theory and Applications.
Birkhéduser Boston, 1998.

S. Garg and L. K. Vashisht. Weaving k-fusion frames in hilbert spaces. Mathematical
Foundations of Computing, 3(2):101-116, 2020.

K. Grochenig. Foundations of Time-Frequency Analysis. Birkhduser, Boston, 2001.

P. Gévruta. On the duality of fusion frames. J. Math. Anal. Appl., 333(2):871-879, 2007.

S. B. Heineken, J. P. Llarena, and P. M. Morillas. On the minimizers of the fusion frame
potential. Mathematische Nachrichten, 291:669-681, 2018.

S. B. Heineken and P. M. Morillas. Properties of finite dual fusion frames. Linear Algebra
Appl., 453:1 - 27, 2014.

S. B. Heineken and P. M. Morillas. Oblique dual fusion frames. Numer. Funct. Anal. Optim.,
39(7):800-824, 2018.

S. B. Heineken, P. M. Morillas, A. M. Benavente, and M. Zakowicz. Dual fusion frames.
Archiv der Mathematik, 103:355-365, 2014.

S. Iyengar and R. B. Eds. Distributed Sensor Networks. Chapman & Hall/CRC CRC Press,
Baton Rouge, 2005.

F. Jaillet and B. Torrésani. Time-frequency jigsaw puzzle: adaptive and multilayered Gabor
expansions. International Journal for Wavelets and Multiresolution Information Processing,
1(5):1-23, 2007.

L. Kohldorfer. Fusion Frames and Operators. Master’s thesis, University of Vienna, 2021.

L. Kohldorfer and P. Balazs. On the relation of the frame-related operators of fusion frame
systems. Sampl. Theory Signal Process. Data Anal, 21(9), 2023.

S. Mallat. A theory for multiresolution signal decomposition: the wavelet representation. IEEE
Transactions on Pattern Analysis and Machine Intelligence, 11(7):674—693, 1989.

S. Mallat. A Wavelet Tour of Signal Processing. Academic Press London, 1998.

P. Massey, M. Ruiz, and D. Stojanoff. The structure of the minimizers of the frame potential
on fusion frames. J. Fourier Anal. Appl., 16:514-543,2010.

P. G. Massey, M. A. Ruiz, and D. Stojanoff. Duality in reconstruction systems. Lin. Algebra
Appl., 436(3):447-464, 2012.

P. G. Massey, M. A. Ruiz, and D. Stojanoff. Robust dual reconstruction systems and fusion
frames. Acta Appl. Math., 119(1):167-183, 2012.

B. Mayo. Equichordal tight fusion frames and biangular orthopartitionable tight frames. PhD
thesis, Department of Mathematics and Statistics, 2021.

P. M. Morillas. Group reconstruction systems. Electron. J. Linear Algebra,22:875-911, 2011.
P. M. Morillas. Harmonic reconstruction systems. Electron. J. Linear Algebra, 26:692-705,
2013.

P. M. Morillas. Optimal dual fusion frames for probabilistic erasures. Electron. J. Linear
Algebra, 32:191-203, 2017.

T. Necciari, N. Holighaus, P. Balazs, Z. Prtsa, P. Majdak, and O. Derrien. Audlet filter banks:
A versatile analysis/synthesis framework using auditory frequency scales. Applied Sciences,
8(1), 2018.

E. Osgooei and A. a. Arefijammal. Compare and contrast between duals of fusion and discrete
frames. Sahand Communications in Mathematical Analysis, 08(1):83-96, 2017.

P. Oswald. Stable space splittings and fusion frames. In Wavelets X111 (V. Goyal, M. Papadakis,
D. Van de Ville, eds.), Proceedings of SPIE San Diego, volume 7446, August 2009.

Z. Prtsa, P. L. Sgndergaard, N. Holighaus, C. Wiesmeyr, and P. Balazs. The Large Time-
Frequency Analysis Toolbox 2.0. In M. Aramaki, O. Derrien, R. Kronland-Martinet, and
S. Ystad, editors, Sound, Music, and Motion, Lecture Notes in Computer Science, pages
419-442. Springer International Publishing, 2014.



80

7.

78.

79.

80.

81.

82.

83.

84.
85.

86.

87.

88.

Authors Suppressed Due to Excessive Length

Z. Prtsa, P. L. Sgndergaard, and P. Rajmic. Discrete Wavelet Transforms in the Large Time-
Frequency Analysis Toolbox for Matlab/GNU Octave. ACM Trans. Math. Softw., 42(4):32:1—
32:23, June 2016.

C. Rozell and D. Johnson. Analyzing the robustness of redundant population codes in sensory
and feature extraction systems. Neurocomputing, 69(10-12):1215-1218, 2006.

M. Ruiz and P. Calderon. A note on perturbations of fusion frames. J. Math. Anal. Appl.,
461(1):169-175, 2013.

M. A. Ruiz and D. Stojanoff. Some properties of frames of subspaces obtained by operator
theory methods. Journal of mathematical analysis and applications, 343:366-378, 2008.

M. Shamsabadi, A. Arefijamaal, and P. Balazs. The invertibility of U-fusion cross Gram
matrices of operators. Mediterr. J. Math., 17:130, 2020.

M. Shamsabadi, A. Arefijamaal, and G. Sadeghi. Duals and multipliers of k-fusion frames.
Journal of Pseudo-Differential Operators and Applications, 11:1621-1633, 2020.

M. Shamsabadi and A. A. Arefijamaal. The invertibility of fusion frame multipliers. Linear
and Multilinear Algebra, 65(5):1062-1072, 2016.

M. Shamsabadi and P. Balazs. Classification of general subspaces. (submitted).

P. Sgndergaard, B. Torrésani, and P. Balazs. The linear time frequency analysis toolbox. Int.
J. Wavelets Multi., 10(4):1250032, 2012.

P. L. Sgndergaard. Efficient Algorithms for the Discrete Gabor Transform with a long FIR
window. J. Fourier Anal. Appl., 18(3):456-470, 2012.

T. Strohmer. Numerical algorithms for discrete Gabor expansions, pages 267-294. Birkhauser
Boston, Boston, MA, 1998.

S. Waldron. An introduction to finite tight frames. ANHA bookseries. Birkhduser, Boston,
2018.



	A Survey of Fusion Frames in Hilbert Spaces
	L. Köhldorfer, P. Balazs, P. Casazza, S. Heineken, C. Hollomey, P. Morillas, M. Shamsabadi
	1 Introduction
	1.1 Motivation
	1.2 Structure
	1.3 "There Be Dragons" - traps to be avoided when going from frame theory to fusion frame theory

	2 Preliminaries
	2.1 Frame theory

	3 Fusion frames
	3.1 Operators between Hilbert direct sums

	4 Other notions in fusion frame theory
	5 Fusion frames and operators
	6 Duality in fusion frame theory
	6.1 Q-dual fusion frames
	6.2 Block-diagonal and component preserving Q-dual fusion frames
	6.3 Dual fusion frame systems
	6.4 Relation between block-diagonal dual frames, dual fusion frame systems and dual frames
	6.5 Dual families
	6.6 The canonical dual fusion frame
	6.7 Summary of properties of dual fusion frames 
	6.8 Examples of dual fusion frames
	6.9 Particular choices of Q

	7 Finite fusion frames
	7.1 Fusion frames in finite-dimensional Hilbert spaces

	8 Reproducible research implementations
	8.1 Dual fusion frame calculation
	8.2 Towards the Visualization of Fusion Frame Coefficients
	8.3 Fusion Frames with a Time-Frequency Relation

	9 Further study
	Acknowledgments
	References
	References



