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Abstract

In this contribution, we extend the reassignment method (RM) and synchrosqueezing transform (SST) to
arbitrary time-frequency localized filters and, in the first case, arbitrary downsampling factors. A sufficient
condition for the invertibility of the SST is provided. RM and SST are techniques for deconvolution of short-
time Fourier and wavelet representations. In both methods, the partial phase derivatives of a complex-valued
time-frequency representation are used to determine the instantaneous frequency and group delay associated to
the individual representation coefficients. Subsequently, the coefficient energy is reassigned to the determined
position. Combining RM and frame theory, we propose a processing scheme that benefits both from the
improved localization of the reassigned representation and the frame properties of the underlying complex-
valued representation. This scheme is particularly interesting for applications that require low redundancy not

achievable by an invertible SST.

1. Introduction

Time-frequency representations such as the short-time Fourier transform (STFT) [I, 2] are ubiquitous in
signal analysis. In particular their squared magnitude, the spectrogram is frequently used to determine the local
frequency content of an analyzed signal. The spectrogram however provides a biased, smoothed representation
highly dependent on the chosen STFT window function. The smoothing effect in the spectrogram is subject
to Heisenberg’s uncertainty inequality and thus cannot be arbitrarily reduced.

Therefore, various alternative time-frequency representations have been proposed. The quadratic time-
frequency representations in Cohen’s class [3, 4] are given by the Wigner-Ville distribution (WVD) [5] [6]
convolved with a smoothing kernel. While the spectrogram suffers from a large amount of smoothing, the
WVD produces undesirable interference terms. Cohen’s class representations often sit between these two
extrema and are designed with a certain trade-off between smoothing and interference attenuation in mind,

e.g. the smoothed pseudo WVD [7].
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Instead of reducing the overall smoothing, representations are often designed to locally provide a good trade-
off between time and frequency smoothing with respect to expected signal characteristics. Such representations
include (non-uniform) filter banks (FB) [8, 9], in particular, wavelet filter banks [10, [11] (often referred to as
time-scale representations), as well as nonstationary Gabor transforms [12][13] or the representations presented
in [14] 15].

Here, we recall the RM originally proposed by Kodera et al. [I6] to obtain a sharper time-frequency picture.
RM attempts the deconvolution of the spectrogram by means of the partial derivatives of the phase of the
underlying STFT. The resulting reassigned spectrogram achieves a sharp representation similar to the WVD,
but with little interference. Reassignment was made popular by Auger and Flandrin [17, [I8], who generalized
the method beyond the spectrogram to general Cohen’s class time-frequency representations and an equivalent
class of time-scale representations. Most importantly, they discovered an efficient means of computation and
the application of reassignment. In contrast to the previously mentioned methods, the reassigned spectrogram
is not bilinear and even approximate reconstruction is a nontrivial task, although it has been attempted,
see [19] for a method based on additive sound modeling or [20]. Therefore, although a valuable analysis tool,
RM is deemed unsuitable for signal processing so far.

The SST is a variant of RM dealing with the reconstruction problem, proposed by Daubechies et al. [21], [22]
23]. The main differences between RM and SST are that the latter acts on a complex valued time-frequency
representation, hence preserving phase information, and only performs frequency reassignment. For recent
work on the implementation and application of synchrosqueezing transforms, see e.g. [24] 25 26] 27] and
references therein, or [28] for an approach trying to fuse the invertibility of SST with the superior localization
of RM.

In this contribution, we extend RM and SST to filter banks. Furthermore, we demonstrate that the
reassigned FB representations, with respect to a (over-)complete system, can be used as an interface for
processing. Hence, the benefits of a sharpened representation can be combined with the invertibility of the

underlying filter bank representation.

2. Preliminaries

Although the results presented in this contribution are applicable for discrete signals, we will present the
theoretical material for continuous time signals f € L?(R) to stay consistent with previous publications on

RM and SST. We use the following unitary variant of the Fourier transform F : L2(R) — L2(R), f(£) :=
FF&) = [g f(t)e e dt.
Localized functions: We will often require a function to be well-localized around a point x € R in a

rather informal manner. We consider a function well-localized around z if it decays sufficiently fast away from

(a small area around) z. Although none of the methods presented below strictly require any localization, all



of them benefit from filters (or window functions) with unique global time and frequency maxima z and w
and better than linear decay around those maxima. Since practically every common time-frequency relevant

filter has these properties, this is no severe restriction.

Short-time Fourier transforms, analysis filter banks and frames: For a signal f € L%(R) and

window function g € L(R), let g,., = g(- — 2)e?™“(=2)_ The STFT of f with respect to g is given by

ng(wi) = <f7 g:&,uJ> = ng(l,7w)e27ri¢(z,w), (1)

where S, f = |V, f|? is the spectrogram and ¢ : R? — R is the phase of the STFT. The collection G(g) :=
{92.w }z wer is the (continuous) Gabor system with respect to g. As usual, we assume that g, § are well-localized
around 0.

Let g = {gm € L2(R) };nez, a = {am € RT },,e7 a sequence of functions and time steps, respectively. The
system {gn.m : am € R}y mez With gnm = gm (- — nay,) is a filter bank (FB). We call {gy.m }rer,mez With
Gz.m = gm(- — x) a time-continuous filter bank.

For convenience, we assume that g,, is continuous, well-localized around time 0 and g,, is well-localized
around center frequency w,, with w; < wp, if 7 < m and limy,,_o Wy, = —00, limy, oo Wy = 00. The

associated filter bank analysis is given by

Cnym = cp[n,m] == (f, gn.m)- (2)

Wavelet or other filter banks with an accumulation of center frequencies at frequency 0 are completely
valid FBs for all the results presented here, but require a slightly less straightforward indexing scheme.

A filter bank forms a frame, if there are constants 0 < A < B < oo, such that A|f||3 < |lefll3 <
B||f||3, for all f € L?(R). The frame property guarantees the stable invertibility of the coefficient mapping
by means of a dual frame {g,, m }n,mez, i.€.

f= Zcf[mm]g/n,v,m for all f € L*(R). (3)

n,m
3. Proposed method and statement of results

In this section, we show how to perform reassignment and synchrosqueezing for filter banks, show how
the inverse reassignment map can be used in conjunction with invertible filter banks and provide a sufficient
condition enabling inversion from synchrosqueezed filter bank coefficients. The derivation of the formulas and
conditions can be found in the subsequent sections.

Let {gnm : am € RT}, ez be a FB with center frequencies w,,. We define gL (t) == tgm(t) and
gk (t) i= e2miwmt(e=2miwmty N/(¢), for all t € R, m € Z. With

C?[nﬂ m] = (f, gg;;( — nay,)) and ij[nﬂ m] = (f, ngn( — Nam)), (4)



we obtain the reassignment operators
X0 (N, wm) = na, + Re (c? [n,m]/csln, m]) and wo(Nay,, wn) = Wy, —Im (c? [n,m]/csln, m}) , (5)

whenever c¢[n, m] # 0. For applications like mode detection, these estimates of instantaneous time and fre-
quency might be sufficient. However, a reassigned representation on the same time-frequency grid (na,.,wm),, ez
is often desired.

We obtain the reassigned filter bank (RFB)

c}z[n, m] = Z les[l, k]2, with Ly, i= {(,k) € Z* : (no[l, k], mo[l,k]) = (n,m)}. (6)
(Lk)ELnm

Here, with x¢ and wqg as in Eq. ,

xo(lak,xk)-‘ . 7)

moll, k| := arg min |w,,, — wo(lak,wr)| and ngl[l, k] := { P
mo lJ{:

mEZ

Synchrosqueezing does not admit the modification of the coefficients time positioning. Therefore, additional

care would be required to define a synchrosqueezed filter bank associated to {gnm tnmez. However, the

invertibility property is lost in the presence of intra-channel downsampling and hence, the RFB should be
preferred in any case.

Clearly, the time-continuous FB {g¢y m }2.mez admits the computation of x¢,we at all points (z,w,,) and

we define the associated RFB by

c?(x,m) = Z[ les(y, k) dy, with Lymp = {y €R : (xo(y,wr), mo(y, k) = (z,m)}.  (8)
kez’ Lam.k

In this setting, we can also define the synchrosqueezed filter bank (SSFB)

c‘?(x,m) = Z cf(x, k), with K., :={k€Z : mo(x,k) =m}. (9)
keKz,7n

Here, mg(z, k) := arg min |w, — wo(x,wk)|.

The framework algloefe includes Gabor and wavelet filter banks, the latter after a suitable change of the center
frequency indexing scheme. Thus, it can be considered a generalization of the RM and the SST to a larger
class of representations. In fact, filter bank structure is completely optional for the RM. If a function g is well-
localized around time z and frequency w, we can define g7 (t) := (t — x)g(t) and g7 (t) := e?™wt(e=2miwt g)/(¢).

Then the reassignment operators can be defined as before and, given a family of such functions, a variant of

c? is easily obtained.

Frames and the inverse reassignment map: The RM does not provide a means of perfect (or even
good quality approximate) reconstruction. Therefore, processing a signal directly by modifying the RFB is
not feasible. However, the additional information provided by the instantaneous time and frequency estimates

provided by Eq. may prove useful in many a signal processing task.



Thus, we propose to use the RFB as a processing interface for invertible FB representations. Such FBs are
characterized by the frame property. By storing the original FB coefficients c; and the inverse reassignment
map

iR[n,m] = {(I,k) € Z* : (no[l, k], mo[l,k]) = (n,m)}, (10)

a processing tool can allow the user to interact with the RFB c}z only, while the software employs iR to apply
the requested processing onto cy. Since the FB used forms a frame, the processed signal is obtained simply
by frame synthesis, see Eq. .

In this framework, the frame property guarantees that the synthesis operation (and therefore the process-
ing) is stable, while the RFB provides an intuitive representation incorporating the instantaneous time and
frequency estimates provided by Eq. . Examples of such processing can be found in Section

It should be noted that the idea of using the inverse reassignment map for processing is not completely new,
see [20] for a crude variant of the method proposed here. However, this usage of Eq. is surprisingly rare
and neither subchannel downsampling, nor invertibility of the underlying representation are systematically

considered.

Invertible synchrosqueezed filter banks: The SST has been introduced for continuous wavelet and
short-time Fourier representations to circumvent the RM’s lack of invertibility. A reconstruction formula is
obtained by exploiting the fact that under suitable conditions on the analysis wavelet, the Dirac § distribu-
tion can be used as synthesis wavelet. In the wavelet context, the corresponding reconstruction formula is
known as Morlet’s formula [29]. For a time-continuous filter bank {g; m }zer.mez, a simple condition enables

reconstruction of all f € L?(R) from from their SSFB c‘? .

Proposition 1. Let {gsm}eer,mez be a time-continuous filter bank with )", |gm| € L®(R). The following
equation holds

Ft (f Z @) = Z c‘?(~,m) a.e. (11)

meEZ mEZ

In particular, if 0 < A<, Gm almost everywhere,

f=F"1 (Z gﬁ}) (Z c‘?(-,m)) a.e. (12)

meZ meZ

Proof. Equation is an immediate consequence of Eq. (11). To show Eq. , we first assume f €
L?(R) N FL'(R). We have

S Y @k = Y les(z,m)| < ZA'ﬂé)HWf)\ ¢

meELkEKy m meZ meZ
> 17wl

= 171 S lame) de <
R meZ

mEZ

112 < oo
o0



Therefore, we can change summation order and interchange sum and integral in the following chain of equations.

Z Z ez, k) = Zcf(x,m) = Z/Rf(g)g/?;(f)ezmmg de

MELkEK m meZ meZ
= / F©E™ ™Y " gm() d¢ = F (f > g’n:) ,
R meZ MEZL

where we used Parseval’s identity and the definition of g, ,, in the second step. For general f € L*(R), Eq.
follows by density. O

Since (intra-channel) downsampling necessarily introduces aliasing, there is no straightforward way to

obtain an invertible SSFB for a filter bank {gy.m }n.mez, even if it is uniform, i.e. a,, = a € RT for all m € Z.

A remark on implementation. Proposition [I] has a straightforward analogue in the setting of discrete
signals. In that setting, aliasing occurs during filtering whenever the downsampling factor is larger than 1.
Thus, the analogue to Proposition [1| covers the case where all downsampling factors equal 1. Clearly, the frame
method described for the RFB is also applicable for the SSFB, but in that setting, it seems more reasonable
to utilize possibly higher sparsity of the RFB. Furthermore, storing only the non-negative RFB coefficients

noticeably reduces space complexity.

4. Derivation of the reassignment operators

The derivation of the reassignment operators, given in Eq. , below should serve as indication that Eq.
(5) makes sense and provides the desired result, as verified by the Examples in Section
Consider a function g € L?(R), well-localized around z with its Fourier transform § well-localized around

w. Then
g(t) = e >y (t + ) (13)

is well-localized around 0 in time and frequency and we have

Vif(z,w) = (f, Gow) = (f,9)- (14)

For the STFT Vjf, the reassignment operators are defined as xo(z,w) = = — %gb(z,w) and wo(z,w) =
% (x,w), where ¢ is the phase of V;f as in Eq. .
Auger and Flandrin [I7] have shown that the reassignment operators can be expressed as the pointwise

product of the STFTs with respect to 3 window functions, depending on the window §:

- ) ) _ Var f(2,0)V5 f (2, w)
X0($7w) =x+ Re (V_,,Tf(x,w)/ng(x,w)) =T+ Re ( ng(x’w) ) and (15)
— _ —w—1Im Vf?'f(x7w)vgf(x7w)



whenever S;f(z,w) # 0 and 0 else. Here, §'(t) = %g(t) is the derivative and gr(t) := ¢g(t) is a time weighted
version of §.

Note that differentiation is a translation-invariant operator and time weighting is invariant under mod-
ulation, i.e. multiplication with 2™ for ¢ € R. Therefore, with g7 (¢) := (t — 2)g(t) and g¥'(t) :=

e2miwt (e=2miwl )/ (1) as in Section [3| we obtain

Z]Tf(wi) = <f7 gT>7 and Vg/f(i’?aw) = <f’ gF>' (17)

Given a filter bank or continuous filter bank, simply set g = g,, to derive Eq. .

5. Discussion

In the previous sections, we have shown how to apply reassignment and synchrosqueezing techniques
to general filter banks with time-frequency localized filters. Figure [I] shows that reassignment achieves the
expected result. For demonstration purposes, we chose here a perceptually motivated non-uniform FB adapted
to the ERB scale [30], the so called ERBlet FB [31], [32]. The crucial point here is that the method works with
non-standard FBs not covered by earlier results, not the specific FB choice.

We prefer to show the RFB over the SSFB in most cases, since the latter performs similar to (in the absence
of high frequency modulation or pulse-like signal components) or worse than the RFB in terms of localizing
and concentrating the signal representation. Additionally, the usage of the RFB in the examples serves to
show that intra-channel subsampling is not detrimental to the reassignment performance.

Some applications do not require intra-channel subsampling and are thus suitable for the computation
of the SSFB. Still, there might be reasons to consider the usage of the RFB over the SSFB. Although not
strictly necessary, subsampling results in a considerable reduction of time and space complexity by significantly
reducing the redundancy of the underlying representation, cf. Example 1. In the presence of high frequency
modulation and/or pulse-like signal components, the RFB will usually provide a better localized representation.
Finally, the synthesis formula for the SSFB essentially amounts to using a synthesis FB comprised of Dirac
¢ distributions. It is well known that such a synthesis is not very robust to subchannel processing. This has
also been observed in practice [33]. Synthesis with a dual FB frame on the other hand is known to provide

robust synthesis in the presence of processed coefficients [34].

5.1. Notes on implementation

We provide implementations for filter bank reassignment and synchrosqueezing in the LTFAT Toolbox [35],
available at1tfat.github. io/since version 2.1.1. The phase derivatives are provided by filterbankphasegrad.
The RFB and SSFB are computed by filterbankreassign and filterbanksynchrosqueeze, respectively.
For examples, please visit our website http://1ltfat.github.io/notes/041, where scripts reproducing all
Figures and Experiments can be found. The scripts can be run in MATLAB as well as in GNU Octave, a free
MATLAB alternative.


ltfat.github.io
http://ltfat.github.io/notes/041

5.2. Examples

We apply the RFB and/or SSFB in three different processing setups. All the experiments based on the RFB
use the inverse reassignment map iR[n,m] = {(I,k) € Z? : (no[l, k], mo[l, k]) = (n,m)} and the invertibility

of the underlying FB representation, as described in Section

Example 1 attempts denoising by hard thresholding on the reassigned (or synchrosqueezed) representa-
tion. An excerpt of the second test signal in Figure [T} sampled at 44.1 kHz, is contaminated with uniformly
distributed noise with expected value 0 to a SNR of 0 dB, where SNR( fnoisy) = 2010g10(%) dB.

For each representation the optimal threshold in terms of SNR has been determined manually in 1 dB
steps. Note that this setup retains a relatively large number of isolated, noisy coefficients and a slightly larger
threshold leads to perceptually better results. For this example, an invertible constant-Q FB [36], 37, B8] with
48 bins per octave is used, resulting in a total of 300 channels spaced between 0 Hz and 22.05 kHz. Considering
only nonzero coefficients, the SSFB has a redundancy factor of =~ 429, while the complete processing setup
for the RFB, i.e. the nonzero RFB coefficients, phase partial derivatives and the original FB representation
has a redundancy of = 9.3. Therefore the usage of the RFB and the frame method provides a massive
reduction in space complexity, also leading to a noticeable drop in computation time, although the latter may
vary depending on the hardware. Most importantly, the resulting denoised signals have SNR of ~ 9.5 dB
and = 10.6 dB for the synchrosqueezing- and reassignment-based results, respectively. Although the increase
in SNR is not very large, the perceptual quality of the reassignment-based result is significantly better (see
website). Although no significant improvement over thresholding the constant-Q coefficients directly has been
observed, this demonstrates that the proposed processing frameworks, in particular the one based on RFB,
are robust and reliable. Moreover, it has been found that structured thresholding on the SST coefficients can
improve denoising performance over block-thresholding [23]. Similar performance can be expected for RFB
and SSFB. Note that reassignment-based denoising on the undecimated filter bank did not yield significant
improvements over the decimated variant. The intermediate representations can be seen in Figure 2] and the
experimental setup and results can be reproduced using the MATLAB script expl_denoise.m provided on

the webpage.

Example 2 attempts mode decomposition on a synthetic signal similar to those treated in previous syn-

chrosqueezing contributions, cf. [28] [26] [22]. The test signal is given by the sum s = Cy + Cy + C3 with
C4(t) = cos(48007t + 350 cos(107t)), Ca(t) = cos(200007t — 5400 cos(2m(t — 1))),

C5(t) = cos(7507t + 80 cos(4m(t — 0.03))).

with ¢ € [0,1] and sampled at 44.1 kHz. The ERBlet filter bank employed for signal analysis has 6 bins per
ERB resulting in a total of 256 channels spaced between 0 Hz and 22.05 kHz. A set of binary masks was

designed to separate the 3 signal components in the RFB and SSFB. All 3 signal representations are shown



in Figure [3] alongside local reconstruction errors of components sy and sz at critical points. Reconstruction
quality is good for all 3 signal components and both approaches, but Table [I] shows that overall, the RFB
provides better results. The experimental setup can be reproduced using the MATLAB script exp2_modes.m
provided on the webpage.

Example 3 attempts the isolation of a single note in a musical signal. This is similar to the previous
experiment but in a more realistic setting. A binary mask for the isolation of the second note in a glockenspiel
signal was designed and applied to the RFB. The component was synthesized using the frame method described
in Section [3] The improved separation of signal components in the RFB somewhat simplifies the mask design
process. Instead of constructing the mask manually, techniques such as ridge detection in the RFB could
possibly assist the mask design process. Since the isolation quality cannot be evaluated objectively, we provide
the results in the form of a re-analysis of the separated components, see Figure[d] However, the resulting audio

signals can be obtained by executing the MATLAB script exp3_separate.m provided on the webpage.

6. Conclusion

We have motivated and demonstrated the application of the reassignment method and synchrosqueezing
to general filter banks. For the reassigned filter bank, we also allow arbitrary downsampling factors, providing
significant and in real application often crucial, redundancy reduction. We provide a sufficient condition for
the invertibility of the synchrosqueezed filter bank representation and propose a processing framework that
is able to harness the improved time-frequency localization of the reassigned filter bank, while preserving the
perfect reconstruction properties of the underlying filter bank representation. Thus, we overcome a major
perceived weakness of the reassignment method.

Efficient implementations of the presented methods have been included in the open-source MATLAB/Octave
toolbox LTFAT, and freely available to the community. The figures and examples in this contribution can be
easily reproduced using the script files we provide, see http://1tfat.github.io/notes/041/

A number of methods exist, trying to further refine the RM and/or SST for various purposes, e.g. multi-
tapered reassignment/synchrosqueezing [39, 40]. With the proposed methods, such refinements can also be

applied in the more general filter bank setting.
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S1 S2 53

RFB | 52.4dB | 56.6 dB | 54.5 dB

SSEFB | 44.6 dB | 45.2 dB | 53.2 dB

Table 1: (Example 2) Reconstruction errors for the individual components of the test signal s.
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Figure 1: Reassignment of ERBlet filter bank representations: (top) Reassignment perfectly localizes linear chirps that are well

separated in the time-frequency plane. Separation quality decreases in the vicinity of crossover points. (bottom) Reassignment

of a violin and piano test signal.



CQT of the noisy test signal Denoised reassigned CQT
2.2e+04

0 o
-10

g 5.26e+03 ) i 10
-0 53260403 . e - ) _20
-30 _30
—40 _a0
-50 _50

Resulting denoised CQT

0
o -10
i5.269+03
3 8.26e+03 -20
2
3
§2.01e+03 -30
& 1.25e+034
_40
-50

0.8
Time (s)

Figure 2: (Example 1) Spectrogram of the test signal contaminated with noise (0 dB SNR) alongside denoised reassigned coeffi-

cients and resulting denoised constant-Q representation (10.8 dB SNR).
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Figure 3: (Example 2) Filter bank, RFB and SSFB representations of the synthetic signal s (top/center). Local reconstruction

error of Cy and C3 around the positions of least separation to C7.
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Figure 4: (Example 3) Separation of the 2nd glockenspiel note.
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